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Abstract 
Some 250000 point gravity data for a 900x1000km area covering the British Isles 
and the North Sea have been combined with a detailed topographic model on 
land and with a selection of global geopotential models in a high resolution, high 
precision geoid computation using two different techniques. 
The gravity data, comprising bouguer anomalies on land and free air anomalies 
at sea, together with the long wavelength gravity effect of the topographic model, 
were detrended with free air anomalies calculated on the ellipsoid from a high 
degree and order spherical harmonic geopotential model. The residual anomalies 
and the condensed short wavelength topography were transformed to the 
potential using both a fourier technique and a classical Stokes' algorithm. The 
results were retrended with the geopotential model to produce absolute geoid 
heights. 
For each method, long wavelength residuals in the detrended gravity anomalies, 
caused by errors in the geopotential models, generate significant long wavelength 
errors. which propagate through to the final geoid solution. It was found that 
these errors could be minimised by tapering the data and altering the shape of 
the data set, in the case of the fourier technique, and by using Meissi's 
modification to Stokes' function in the case of the classical technique. Long 
wavelength geoid discrepancies between different algorithms and detrending with 
different global gravity models involved slopes of typically less than 2cmI1OOkm. 
For the cumulative effect of wavelengths between about 4 and 200km, computed 
geoids differed at the 1cm level. For local gravity field computations, the fourier 
technique was found to be 10 4 times quicker than the classical method, for no 
appreciable loss in accuracy. 
Comparisons with short-baseline GPS-derived relative heights showed them to 
agree with the gravimetric geoid solutions at the 4cm level. Preliminary relative 
geoid heights derived from longer baseline GPS surveys agree with relative 
gravimetric geoid heights to 5cmI1OOkm. Internal estimates give absolute long 
wavelength errors in gravimetric geoids to be approximately 2cmIlOOkm, 
suggesting that the GPS observations so far available have not always achieved 
the accuracy of the gravimetric geoid computations. A comparison of geoid 
solutions from this project with the previous best geoid over the British Isles, 
EGGI, showed the new solutions to have a greatly improved resolution. 
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The geoid was described by Gauss as the mathematical figure of the earth. It is 
represented by the equipotential of the combined gravity and centrifugal forces 
of the earth which most closely coincides with mean sea level. 
The geoid has long been held to be the fundamental surface of geodesy, 
providing a practical datum level for height measurements. For example, to 
obtain gravity values on a worldwide basis, the observed data must be reduced to 
a common surface, usually the geoid. The height of the geoid is a geometric 
representation of variations in the earth's gravity potential and has important 
applications in geophysics, as it illustrates crustal or mantle inhomogeneities. 
Modern developments in geodesy, mainly due to the work of Molodensky et a! 
(1962a) who showed that the geometrical form of the earth's surface could be 
found rigorously from direct gravity observations, led to the geoid falling slightly 
out of favour in geodetic circles. Heiskenan and Moritz (1967, hereafter referred 
to as H+M), in their classic textbook, state that modern methods mean that 'the 
concept of the geoid be abandoned'. 
The advent of high precision satellite positioning systems, such as the NAVSTAR 
Global Positioning System (GPS), has led to a renewed interest in geoid height 
computation. It is anticipated that when fully operational GPS will be able to 
recover height differences above a reference ellipsoid to less than 1cm. However, 
ellipsoidal height differences are not particularly useful in engineering and 
surveying and it is necessary to transform them to conventional heights above the 
geoid. This transformation requires the vertical separation of the geoid from the 
reference ellipsoid (fig. 1.1). With ever increasing GPS accuracy, it is necessary 
to find geoid-ellipsoid separations to an increasingly higher precision. With 
traditional levelling methods already reaching the limits of feasibility, a 
(MA) 	 11 
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Fig. 1.1 Relationship between ellipsoidal heights(h), orthometric 
heights(H) and geoiel heights(N) 
(from Kearslev 1988) 
gravimetric method capable of determining geoid heights with comparable 
accuracy to GPS is required. 
1.2 The Edinburgh-Nottingham Tide Gauge Project 
Over the last 25 years, oceanographic techniques to trace an equipotential surface 
(computed by the modelling of currents and dynamical factors such as density 
gradients, pressure gradients, coriolis stress and frictional stress, eg Alcock & 
Cartwright 1982) have consistently differed from those derived by geodetic 
levelling in several regions of the world. For example, on the Pacific Coast of the 
USA, these differences are in the order of im over 1000km (Balazs & Douglas 
1979). These discrepancies hinder attempts to establish vertical datums for local, 
national and global networks. They also have an impact on engineering 
calculations (eg concerning water flow) and, at a scientific level, on satellite 
altimetry and vertical land movement. 
In the UK, mean sea level heights related to the 3rd Ordnance Survey Primary 
Levelling network (Kelsey 1970) imply a significant "sea slope" of approximately 
6.7cmI100km in a north-south direction (Thompson 1979,1980). Oceanographic 
evidence contradicts these values, giving a slope of less than 1.4±0.3cm/lOOkm. 
The main objective of the Tide Gauge Project was to resolve these discrepancies 
by estimating ellipsoidal and geoidal elevations at established benchmarks close 
to tide gauges stationed on well separated parts of the eastern UK coastline to a 
precision of a few centimetres. These estimates were then to be compared with 
simultaneous estimates of mean sea level combined with conventional levelling 
data from the Ordnance Survey. To achieve the required level of precision, it was 
assumed that relative GPS measurements could attain centimetric accuracy and 
be combined with a similarly high precision geoid for the UK. 
The specific objectives of the project can be summarised as 
To obtain the discrepancies between the determination of mean sea level by 
oceanographic, geodetic and space techniques in order to establish the physical 
viability of the assumptions underlying these methods. 
To establish procedures which can be used for the definition and 
3 
determination of a worldwide vertical geodetic datum. 
3. To provide a high precision geoid for the United Kingdom and its coastal 
waters for scientific and industrial applications. 
The oceanographic part of the project was to be undertaken by the Proudman 
Oceanographic Laboratory, Bidston and the interferometric measurements using 
GPS and the subsequent data processing by the Institute of Engineering 
Surveying and Space Geodesy, Nottingham. The task of computing the high 
precision geoid was assigned to the University of Edinburgh, Department of 
Geophysics. 
As a spin-off from this project, it was conceived that if GPS heights and 
gravimetric geoid heights could be computed to the required accuracy then the 
combination of the two could be used in lieu of spirit levelling. This could 
provide a high accuracy, all weather, inexpensive and rapid technique for 
establishing height differences in civil and offshore engineering applications and 
possibly render geodetic levelling obsolete. 
13 Local Graviinetric Geoid Determinations in the UK/North Sea region 
In the last quarter century, gravimetric techniques have been applied to the 
determination of local geoid solutions in many parts of the globe. Mather(1969) 
produced one of the earliest detailed solutions using classical integration methods 
(section 2.2.4.1) and classical methods are still widely used today (eg Erker 1987, 
Kearsley 1988). The advent of least squares collocation in the 1970s and Fourier 
transform methods around 10 years later, has led to viable alternatives to 
classical methods, in terms of efficiency and accuracy, being available. To date, 
only 2 local gravimetric geoid solutions exist over the British Isles, both 
computed by evaluating a form of Stokes' integral. The earliest solution (011iver 
1980) used a global integration of mean gravity anomalies whilst EGGI (Torge et 
al. 1983) combined information from a global potential model with integration of 
local mean gravity anomalies. Because of the data coverage available and 
integration methods used, neither solution resolves geoid features to a 
particularly high resolution. Using very efficient fast Fourier transform methods 
4 
and with an improved set of local mean gravity anomalies, combined with a high 
resolution topographic model, it was hoped that results from this project would 




2.1 Introduction to Fourier Transforms 
2.1.1 Introduction 
In geophysics, the computation of the potential of some physical phenomena, 
such as gravity or magnetism, in order to compare it with some theoretical 
model, is a standard method of interpretation. Traditionally, theoretical potential 
fields were found by the summing the effects of simple objects, such as prisms. 
Computationally, this can be very time consuming. The application of Fourier 
transforms to this problem has been known for some time (eg Tsuboi and 
Fuchida 1939) but it was not until Parker (1972) developed a rigorous theory for 
the calculation of potential fields using Fourier transforms, coupled with the 
advent of the fast Fourier transform (Cooley and Tukey 1965), that the technique 
became a viable option in the field of geophysical data interpretation. 
2.12 Definition of the Fourier Transform 
A two-dimensional function f(x,y) has a two-dimensional Fourier transform 
defined as 
F[u,v] 1/(2r)fff(x,y)exp(-i(ux+vy))dxdy (2.1) 
u and v are wavenumbers in the x and y direction, in cycles per unit distance and 
i=/-1. 
The inverse two-dimensional Fourier transform has the integral form 
f(x,y) = F I  [F[u,v]] 
= l/(27T)f 	F[u,v]exp(i(ux + vy))dudv (2.2) 
F denotes inverse transform. 
These equations describe an analysis of the function f(x,y) into components of 
the form exp(i(ux+vy)). Each component will have a wavelength of 
(u2 +v2 ) 12 . The wavenumber k is defined as 1/wavelength = (u2 +v) 112 . 
2.13 Convolution 
The convolution of two two-dimensional functions f(x,y) and g(x,y) is defined by 
the integral 
f*g = f '00 f  f(x',y')g(x-x',y-y')dx'dy' 	(2.3) 
Convolution is the operation of weighting one function by a lagged and reversed 
version of the other. A major advantage of Fourier analysis is that the 
convolution of two functions in the space (x,y) domain is the equivalent to the 
multiplication of their transforms in the frequency (u,v) domain (Bracewell 1986, 
p108) ie 
F[f(x,y) *g( x ,y)] = F[f(x,y)]F[g(x,y)] 	(2.4a) 
l [F[u,v]G[u,v]] 	(2.4b) 
This relationship means that standard analytical formulae such as Stokes' integral 
(section 2.2.4.1) can be treated as convolutions and thus evaluated easily in the 
frequency domain. 
2.1.4 The Discrete Fourier Transform (DVF) 
The Fourier transform defined in eq. 2.1 refers to a continuous data set of 
infinite length. In reality, a data set is discrete and finite. To obtain a set of 
discretely sampled data, the signal is passed through an infinite Dirac comb and 
to make the length of the data set finite it is multiplied by a boxcar function. 
During these operations the true spectrum is convolved with the spectra of the 
Dirac comb and the boxcar function so is itself altered. 
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Fig. 2.1 The boxcar function and its spectrum, the sinc function 
(from Schwarz et at. 1990) 
Fig. 2.1 shows a 1-dimensional boxcar function, w(x), such that w(x)1 except 
when I x I >4 where w(x)0, and its spectrum. The spectrum of a boxcar 
function is a sinc-type function and energy from the main lobes leaks into the 
side lobes. This effect is known as leakage and is enhanced in the presence of 
long wavelengths. Convolution with the Dirac comb introduces a false periodicity 
into the data. The net result is that adjacent periodic representations leak into 
each other. Leakage can be reduced by using a window whose spectrum has less 
significant side lobes and by ensuring that information on the edges of the data 
set is adjusted to some mean value. This is known as "tapering". Leakage will be 
discussed in detail in chapter 5. The effect of windowing on signals of finite 
length has been covered by Regan and Hinze (1976). 
Because the signal must be sampled discretely, it is impossible to distinguish 
features above the frequency f N = 1/2t (t is the sampling interval) from lower 
frequencies already represented. The distortion of the spectrum due to 
insufficient sampling rate is known as aliasing. fN is called the Nyquist frequency. 
Aliasing can be a problem when any signal is sampled discretely and is not only 
associated with Fourier analysis. 
2.1.5 The Fast Fourier Transform 
Fourier transforms can be computed extremely efficiently and quickly using an 
algorithm known. as the Fast Fourier Transform (FFT). This method was first 
presented by Runge (1905) but not until Cooley and TU key (1965), following on 
from Good (1958), was an algorithm suitable for implementation on a computer 
developed. A full explanation of the principles behind the FFT can be found in 
Kanasewich (1981) and Bracewell (1986). When computing a DFT for N points 
computation time is proportional to N2 whereas, due to an ingenious 
factorisation method, computing time is proportional to NlnN using the FFT, 
representing a spectacular saving in CPU time. The central theme in the original 
FFT is that N is factorisable into products of 2, although nowadays many 
algorithms exist to handle factors which are not products of 2. Typically, 
however, the transform is quickest if the number of points in a data set can be 
factorised into the high powers of a small number of prime numbers. 
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Another significant property of the FFT is that it requires input data to be on a 
regular grid and the results are output on a regular grid. Data must usually be 
interpolated onto some grid, the spacing of which has been carefully chosen to 
avoid aliasing effects. A successful interpolation requires detailed, homogeneous 
coverage over the study area. 
The FFT used in this study is developed from a mixed radix algorithm written by 
Singleton (1968). It allows for multiple factors. The complete package is a 
menu-driven program SPECTRUM. It allows for spectral estimation, filtering, 
tapering and detrending. A listing of the menu encompassing the main features of 
the program can be seen in fig. 2.2. 
2.2 The Earth's Gravity Field 
2.2.1 Introduction 
Newton's law of gravitation is the basis for the theory of the earth's gravity field. 
According to this law, the potential V of the earth at a point on or outside its 
surface is expressed by the formula 
V = Kfff (pIl)dv (2.5) 
where 
dv is an element of unit volume inside the earth 
I is the distance from the mass element to a specified point 
p is density (dmldv where m is an element of mass) 
K is the gravitational constant 
The total potential of the earth W, the geopotential, is defined as the sum of the 
gravitational and centrifugal potentials. 
W=V i w 2 r (2.6) 
where w is the angular velocity and r is the distance from the axis of rotation. 
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The next line is the TITLE 	* *************** 
0% tapered north 
******..* *t*•********.*** 	Output file name 
pmass.fftpot 
Data spacing in x-direction 
1.0 	 * 
Data spacing in the y-direction 	••"""•""""" 
1.0 	 * 
Optionally filter in frequency domain with cosine tapers 	"* 
no 	 ********** 	Options for COSBELL are "yes" or "no"  
+1 Options for FTYPE: -1 = Iowpass; 0 = bandpass; +1 = highpass 
250.0 	 Larger wavelength boundary of low or high pass filter 
200.0 Smaller wavelength boundary fo low of highpass filter 
5.0 	 Bandpass filter: larger wavel. boundary of smaller wavel. edge 
5.0 Bandpass filter: smaller wavel. boundary of smaller wavel. edge 
Optionally smooth with Gaussian filter (not tf COSBELL = yes) 
no 	********* 	Options for GAUSS are "yes" or "no"  
2.0 *.************ 	Factor for gaussian smoothing  
	
"" 	Optionally read in space domain data 
yes 	"""'**•** Options for SPACEDATA are "yet;" or 'no'  
pmass.gravalooa 	 filename 	** 
Optionally detrend the data 	********************* 
no 	* Options for DETREND: "yes" or "no" (only "no" if SPACEDATA is "no") 
Optionally taper the data 
no 	* Options for TAPER: "yes" or "no" (only "no' if SPACEDATA = "no") * 
0.05 "" Fraction of data tapered at both edges in the x-direction 
0.05 	 Fraction of data tapered at both edges in the y-direction 
Optionally recall former Fourier Transform  
no 	** * 	Options for RECALL are "yes" or "no" 	***** 
EGPH39.SPECTRALDATFTSCOTLAND 	"*""*"""" 	Filename  
**** Optionally store Fourier transform (not available if RECALL = yes) 
no 	•*** 	Options available for FTSTORE are "?es" or "no" 
NEWFOURIER 	 *************** 	filename 	************** 
Optionally output spectral profile 	******************** 
no 	********** 	Options for PROFILE are "yes" or "no" 
ggmspec.gp2.spec 	 ***I*************** 	filename 
*************** 	Optionally compute inverse transform 	****************** 
yes 	 ******** 	Options for INVERSE are "yes" or "no" 
Optionally restore original trend to data 
no 	************** 	Options for RETREND are "yes" or "no" 
Multiply by arbitrary constant CONST 
l.000E-00 	 format €14.6 
Fig. 2.2 Listing of interactive menu for use with the program SPECTRUM 
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The potential V is a single valued, continuous and differentiable function 
everywhere outside the earth, where it satisfies Laplace's equation. 
= 0 (2.7) 
The surfaces W=constant are called equipotential or level surfaces. The gravity 
vector g is everywhere normal to these equipotential surfaces and is related to the 
potential by 
g = VW (2.8) 
The equipotential surface which best approximates to mean sea level over the 
whole earth is known as the geoid, specified by W=U0 where U0 is a constant. 
2.2.2 The Reference Field and Anomalous Potential 
To a first approximation, the earth can be considered an ellipsoid of revolution. 
The size and shape adopted for this ellipsoid define a geodetic reference system, 
of which several have been defined in the past. In this study, the Geodetic 
Reference System 1980 (GRS80) has been used. Computational formulae and 
defining constants for the GRS80 reference ellipsoid and normal gravity can be 
found. in Moritz (1980b). The gravity potential of the real earth is split into 2 
parts, the 'normal' potential, U, representing a rotating geocentric ellipsoid, and 
the remaining part, a small disturbing field. The equipotential surface of the 
normal field, specified by the same constant U 0 , defines the reference ellipsoid. 
The gravity acceleration derived from U 0 is known as normal gravity, y. 
Corresponding to eq. 2.8, y = VU. 
The difference between the actual gravity potential W and the reference potential 
U is known as the anomalous, disturbing or deviation potential, T. 
T=W - U (2.9) 








Fig. 2.3 Geoid and reference ellipsoid 





Fig. 2.4 Relationship between geoid height(N), orthometric height(H), height anomaly( 
and normal height(H')( 	 . 
(from Kearsley 1986) cwc\ \o 	 \ 
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the geoid height or geoid undulation. N. The difference in magnitude between 
the gravity vector g and the normal gravity vector y is defined as the gravity 
anomaly, Ag. Several types of gravity anomaly exist. In the absence of topography, 
the free air anomaly is evaluated on the geoid, ie at sea level, by the subtraction 
of normal gravity Yq  from measured gravity g  (fig. 2.3). On land the free air 
anomaly is the observed value of gravity on the topographic surface to which the 
value of normal gravity has been continued upwards from the ellipsoid then 
subtracted. The Bouguer anomaly is obtained by subtracting the attraction of a 
model for the visible topography from the free air anomaly and so represents the 
attraction of anomalous densities within and below the topographic masses. 
223 The Geodetic Boundary Value Problem 
The deviation potential is a particularly useful concept as it is directly related to 
the geoid undulation by Brun's formula 
N 	 - T/y (2.10) 
The relationship between deviation potential and the gravity anomaly has the 
form of a partial differential equation (H + M 1967, p86). 
3TIh - lIy ay/ah T - g = 0 (2.11) 
where h is the elevation along the normal to the ellipsoid. 
This expression is known as the fundamental equation of physical geodesy. It 
directly relates the measurable quantity Ag to the unknown deviation potential T 
and hence the geoid undulation N. It is common to introduce the spherical 
approximation to this boundary condition, namely (H + M 1967, p87) 
3T/r + 2T/R -A g 0 (2.12) 
where r is the radius vector on the sphere and R is the radius of the sphere. 
Classically, eq. 2.7 is solved on or near the geoid. It is usually assumed that there 
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are no masses outside the geoid and that physical observations refer to the geoid. 
In reality, these conditions are never satisfied and the purpose of the various 
terrain and gravity reductions (see eg H + M 1967, ch 3) is to generate data which 
will satisfy them. 
22.4 Solving the Geodetic Boundary Value Problem 
As the deviation potential is harmonic, solving Laplace's equation subject to the 
boundary condition (eq. 2.11) is the fundamental basis to the computation of 
geoid heights from observed physical quantities. 
In this section we review various gravimetric techniques of solving this problem 
including a brief summary of Molodensky's modern approach. 
22.4.1 Stokes' Method 
Solving Laplace's equation subject to eq. 2.12 yields Stokes' formula. 
T= R  i-irfa S(I))tfadO (2.13) 
where 
= spherical distance 
R = mean radius of the earth 
da = surface element 
T 	deviation potential 
fa = free air gravity anomaly 
00 
S = Stokes' function = E2(2n+ 1)/(n-1) P(cosR) (2.13a) 
P(cos) are Legendre polynomials (zonal harmonics) 
A full derivation can be found in H + M section 2.16. 
Eq. 2.13 enables geoid heights to be determined directly from gravity 
observations. It is essentially a summation of free air gravity anomalies weighted 
by Stokes' function (eq 2.13a). Several points about eq. 2.13 must be appreciated. 
First, Stokes' formula represents a global summation, that is, gravity observations 
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are required worldwide. As this is clearly impractical certain assumptions about 
the outer zones must be made. Usually, the integral is performed over a spherical 
cap radius 4o and the outer zones are accounted for by replacing the local field 
there with a global gravity model. Secondly, the expression for Stokes' function 
in terms of Legendre polynomials contains no zero order or first order terms, 
thus suppressing those harmonics in the calculated deviation potential. The zero 
order term represents the global mean difference between the potential (and 
hence mass) of the earth and the reference ellipsoid; suppressing it effectively 
sets the calculated global mean value of the deviation potential to zero, even if 
the adopted mass of the earth is in error. Thirdly, the first order term of the 
deviation potential is zero if the centre of the reference ellipsoid coincides with 
the centre of gravity of the earth. This is assumed by the choice of a geocentric 
reference system. Finally, the deviation potential is assumed to be harmonic 
outside the geoid. As the topographic masses lie outside the geoid and the 
deviation potential is not harmonic within them their effect must be removed by 
suitable gravity reductions. One such reduction, Helmert's Condensation, is 
described in section 6.1.2. 
Because Stokes' formula is derived using the spherical approximation of the 
boundary condition it has an implicit error of the order of the earth's flattening 
(-0.3%). In the course of practical evaluation of the integral, however, other 
error sources may be introduced. 
22.4.2 Solution in the Frequency Doniin using Plane Geometry 
The solution to Laplace's equation in plane geometry is 
T(x,y,z) = 1/(21T) f f F(u,v)exp(-kz)exp(i(ux + vy))dudv (2.14) 
where u,v are wavenumbers in the x and y directions and k(u 2 +v2 )'2 . This 
solution constructs T(x,y,z) by superposing sinusoids exp(i(ux+vy)) for every 
possible wavenumber u,v. Their amplitude is F(u,v) on the plane z0, and 
diminishes by exp(-kz) as the distance above the plane increases. 
Differentiating with respect to the height, z, and setting z to zero, assuming all 
computations are carried out on this plane, gives 
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3 T/3 z = -ff kF(u,v)exp(i(ux + vy))dudv (2.15) 
The function F(u,v) is the Fourier transform of T(x,y,0) 
ie F[TJ = F(u,v) 
and F[3T/3z] = -kF(u,v) = -kF[T] (2.16) 
Thus the Fourier transform of the first vertical derivative of the potential is the 
Fourier transform of the potential multiplied by the wavenumber. Inserting eq. 
2.16 into the geodetic boundary condition (eq 2.12) 
F[g] = -(k-2/R)F[T] (2.17) 
T = -F- [ F[Ag] /(k - 2/R) j  (2.18) 
Hence, by eq 2.10, the geoid undulation N is found by 
= l/y F'[ F[g] /(k - 2/R)] (2.19) 
This equation means that geoid heights can be computed directly from gravity 
anomalies by wavenumber division in the frequency domain. 
The "flat earth approximation", implicit in using Fourier transforms, is negligible 
providing the area of integration is sufficiently small: Sideris (1987) showed the 
the flat earth approximation causes less than 1% error for spherical distances up 
to 15 ° . As the areas of integration in this study are much smaller than this the 
effect of the flat earth approximation can be disregarded. The 2/R term 
corresponds to a wavenumber of 27r/(20000km) and can be neglected compared 
with k for any region in which the flat earth approximation is valid. Thus: 
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N = 1/y F_ 1 [F[g]/k 1 (2.20) 
This is the basis of the spectral transformations described in later chapters. 
Eq. 2.20 is closely related to Stokes' formula, being the frequency domain 
representation in cartesian coordinates rather than the space domain 
representation in spherical coordinates. The fundamental principles behind each 
method are identical, only problems in their practical application will cause 
differences between their results. 
22.43 Least Square Collocation 
Least Squares Collocation (LSC) has been dealt with extensively in the literature 
(Moritz 1980a is -the main reference ) and is a very fashionable technique in 
geodesy. Its main advantages are that it can handle heterogeneous, irregularly 
spaced data (eg Lahmeyer 1988) and estimates of the error of the predicted 
quantities are readily obtainable. The main disadvantages are the large time 
required to solve very large sets of simultaneous equations and that a reliable 
statistical model for local gravity data must be found. The choice of covariance 
function is critical to the final results using LSC. 
22.4.4 Molodensky's Problem 
The main problem with Stokes' integral is that it requires gravity data be 
evaluated on the geoid. Reduction of gravity data to the geoid necessarily 
involves assumptions about the density of the masses above the geoid. Practically, 
this problem can be circumvented by assigning a constant density p c to the 
topographic masses, p c being a reasonable estimate of the mean density. 
Theoretically, however, the problem remains. Molodensky et al (1962a) proposed 
a different approach, that of determining the physical shape of the topographic 
surface, given the gravity potential and gravity vector at all points on the Earth's 
surface. He applied Stokes' problem to the ground surface by introducing the 
concept of the height anomaly C and a new surface, the telluroid (fig. 2.4). C  is 
related to the geoid height N by 
N = C + (g-y)/y H (2.21) 
y is the mean gravity between ellipsoid and telluroid along the ellipsoidal 
normal, g is the mean gravity between the geoid and observation point along the 
vertical and H is the orthometric height. 
As our Bouguer anomalies are evaluated on the topographic surface, not the 
geoid, we compute the geoid approximating N by ç I-lipkin (1988) analysed the 
effect of downward continuation of Bouguer anomalies to the geoid, results for 
Northern Britain show that in a region of rugged terrain the effect is less than 
46mm. In spite of their conceptual importance, Molodensky's corrections can be 
ignored in regions of low relief. 
Fig. 2.4 shows orthometric heights and normal heights both perpendicular to the 
ellipsoid and it should be noted that this diagram adheres to an approximation 
caused by the choice of coordinate system whereas in reality, orthometric heights 
are measured down the plumb line and normal heights down the ellipsoidal 
normal. This approximation is inherent in the choice of working in a coordinate 
system such as the British National Grid which is a rigorous transformation of 
ellipsoidal coordinates onto a plane: the plane is not merely locally tangential to 
the ellipsoid. Therefore the z-axis is exactly parallel to the ellipsoidal normal. 
Hipkin (ibid) showed that this assumption is valid as the approximation only 
involves second order terms. 
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Chapter 3 
Data - Sources and Compilation 
3.1 The Edinburgh Gravity Data Bank 
In the course of the past ten years gravity data from various sources have been 
compiled into the Edinburgh University gravity data bank. The region covered 
encompasses the British Isles and its surrounding waters, Ireland, Northern 
France and the North Sea. Hipkin & Hussain (1983) and Hipkin et al (1986) 
have published Bouguer anomaly maps of Britain with contours drawn from a 
representation of the data on a 2km grid. These arrays were the starting point for 
the compilation of a larger gravity data set, consisting of Bouguer anomalies on 
land and free air anomalies at sea, extending northwards from the English 
Channel to the North coast of Scotland and eastwards from Ireland to the Dutch 
and Norwegian coasts. The reason for using an enlarged data set was so that the 
most easterly point of an associated test network of GPS/tide gauge observations 
(section 1.2) was not too close to the data margins. 
Information about each gravity station is stored in the data bank on a single 80 
character line. Information stored includes British national grid coordinates, 
topographic height, free air anomaly and Bouguer anomaly. Bouguer anomalies 
are evaluated on the topographic surface, the density assigned to the topographic 
masses being 2700kgnf 3 . The gravity anomalies are computed relative to the 
GRS67 reference ellipsoid. A full nomenclature can be seen in table 3.1. The 
data are stored in a system of hierarchical blocks, based on the British national 
grid coordinate system (fig. 3.1). 100km square blocks of data are separately 
stored in the Edinburgh Regional Computing Service central archive. Within 
these blocks stations are stored in numbered 10km squares. Inside the 10km 
block the stations are arranged arbitrarily. With this system it is a simple task to 
extract and manipulate any particular part of a 100km square. 
Columns Format Meaning Units 
1-8 2A4 Station identifier 
9-15 17 North latitude I 0 	degree 
16-23 18 East longitude 10 	degree 
24-29 16 British National Grid 
Easting 10 In 
30-35 16 British National 
Grid Northing 10111 
36-41 16 Topographic height 0.1 	in 
42-45 14 Bomtgticr density It) 	kIrim 
46-49 A4 Base station code 
50-56 17 Gravity with respect 
to base 10-2  timUal 
57-61 15 Free-air anomaly 10-2  rnGal 
Al Terrain correction 
code 
63-66 14 Terrain correction 10-2  inGal 
67-71 15 Bouguer anomaly 10-2  mGal 
72 Al Gravity observation 
type 
73-76 A4 Variable 
77-80 A4 Contributor 
Table 3.1 Gravity station data format 
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3.2 Production of the Gridded Array from the Data Bank 
The study region is bounded by grid northings 0 to 998km, eastings 100 to 
998km. There are over 400000 points in this 900x1000km region. The data 
coverage is shown in fig. 3.2. Whilst data used to produce the previously 
mentioned Bouguer anomaly maps had already been checked for spurious points, 
many squares, particularly in the North Sea were unchecked subsequent to 
reduction to data bank format. In these squares, intersecting ship tracks were 
verified and if necessary adjusted and spurious points deleted. The most serious 
source of error tended to be at the end of ship tracks, where the turning of the 
vessel whilst measurements were still being recorded caused an Eotvos effect that 
was inadequately corrected for in the data reduction. 
Interpolation was carried out in 100km square blocks. The Calcomp General 
Purpose Contouring Package (GPCP - Calcomp 1973) was used to perform the 
task of interpolating the irregular gravity observations onto a regular grid. 
Contour maps were produced from the gridded values for each square and 
posted-value data points plotted on top of the contours to verify the quality of 
gridding. The mechanics of the interpolation routine are described in Calcomp 
(1973). A suite of FORTRAN routines is available at Edinburgh University to 
prepare the data for the GPCP package. 
Over land areas it can be seen from fig. 3.2 that dense gravity coverage exists. 
The routine THINNER deletes stations so that none are closer than a specified 
distance. On land, the data were thinned so that no point was closer than 2km to 
any other. This removal of redundant data, resulting in a reduction of the 
number of data points required for interpolation onto a 2km grid, greatly 
increased the efficiency of the interpolation package. Marine data tend to be 
irregularly distributed with dense coverage (< 100m interval in some cases) along 
ship tracks but the tracks themselves spaced as much as 20km apart. The 
interpolation routine uses only a limited number of neighbouring data points so 
if the distance between ship tracks was too large only observations on a single 
track would be used for interpolation. For this reason at sea the grid spacing and 
thinning was increased to 4km or 10km in regions of extremely sparse data ( eg 
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 3.2 Data coverage from the Edinburgh Gravity Data Bank 
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the data bank in 10km blocks, it is possible that adjacent points in different 10km 
blocks may be spaced at distances less than the thinning distance. The routine 
NEARCHECK was used to identify and remove any such offending points. Prior 
to interpolation, a border of points from adjacent 100km blocks was included to 
prevent a discontinuity when joining the interpolated gridded arrays from those 
blocks. The routine MAP reads in data in databank format, takes the free air 
anomaly at sea and Bouguer anomaly on land and writes them into a file of the 
prerequisite format for entry into the GPCP package. In MAP, the grid spacing 
for the interpolation, number of nearest neighbours, contour interval and any 
map annotations can be specified. Areas where gridded gravity values were 
generated on a 4 or 10km grid were then smoothly interpolated onto a 2km grid 
using the routine INTERPOLATE. This routine uses a two dimensional version 
of the Gregory-Newton cubic interpolation formula. The separate blocks were 
compiled onto a single 450x500 point array using the routine ADDARAY. The 
routine SPLITARAY makes it possible to extract any rectangular array from the 
main block. This was useful when dividing the data set into smaller, more 
manageable blocks, to perform fast Fourier transform operations. 
3.3 Additional Sources of Gravity Data 
It can be seen from fig. 3.2 that certain areas are either completely devoid of data 
or observations so sparse that interpolation would yield unrealistic results. Efforts 
had to be made to plug these data gaps. 
Over the Dutch mainland a set of 2880 mean free air anomalies (blocksize 3'x5'), 
provided by Dr. G. Strang van Hees (pers comm 1986) were interpolated onto 
the 2km grid then added to the main array. This left two 200x100km holes in the 
extreme NE and SE of the region devoid of data. Initially, predicted values from 
the GPCP interpolation were used in these zones but they proved too unreliable 
so they were replaced by free air anomalies generated from the geopotential 
model OSU86E (chapter 4). Sparse data coverage in the Western Isles was also 
augmented by OSU86E free air anomalies. 
All interpolated point data have been uniformly reduced to GRS80. The final 
compiled 2km gridded gravity array comprising free air anomalies at sea and 
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Bouguer anomalies on land is stored in the file BRITGRAV80B. A two 
dimensional plot can be seen in fig. 3.3. 
3.4 Topographic Model 
The data used for the digital terrain model was derived from three sources. The 
first was a series of 1km mean elevations provided by the British Geological 
Survey (I. Smith pers comm 1988). This covers most of Wales, SW England, the 
Southern Pennines, the Lake District and parts of East Anglia (fig. 3.4). The 
subroutine INTERPOLATE was used to interpolate the 1km mean heights onto 
the same 2km grid as the gravity data. For the remainder of the southern part of 
the country heights associated with the gravity stations in the data bank were 
interpolated onto the usual 2km grid using the GPCP package (Gene 1988). 
Although these do not represent mean heights, most of the regions covered are of 
sufficiently low relief that point heights provide an adequate model of the 
topography. North of grid northing 550km, where the terrain is more rugged, 
mean values in 1/2 or 1km squares were summed to give 2km mean elevations 
(Hipkin 1988). The model was set to zero in regions where the gravity data 
consisted of free air anomalies. The program ADDARAY was then used to 
compile the 3 data sets into one file: BRITTOP. A plot of the topographic model 
of the British Isles can been seen in fig. 3.5. 
3.5 Accuracy of Models 
On land, the density of the gravity coverage ensures the reliablity of the raw data, 
spurious points being easy to detect. The target error for terrestrial Bouguer 
anomalies is 0.04mgal. Crossover errors at sea usually range between 1 and 
3mgal, after relative adjustment of lines. 
It is in the interpolation of the point observations to grid values that larger errors 
may arise. Hipkin & Hussain (1983) described a simple test to verify the validity 
of the gridding operation using GPCP. Using the routine INTERPOLATE, 
gravity anomalies and topographic heights were regenerated at the original 
station locations from the arrays BRITGRAV80B and BRITTOP. The 
distribution of errors for 3 100km squares, gridded using grid spacings of 2km, 
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Fig. 3.3 Gravity map of the British Isles comprising 
bouguer anomalies on land, free air anomalies at sea 
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Fig 3.5 Topographic model for the British Isles 
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4km and 10km is shown in fig. 3.6. The rms errors were 0.527mga1 for square SO 
(2km spacing), 0.780mgal for square NP (4km spacing) and 1.796mga1 for square 
OT (10km spacing). Hipkin and Hussain (ibid) state "the rms error is greatest in 
areas of large, steep sided anomalies and an rms error between 0.4 and 0.7mgal is 
typical for both land and marine areas". Whilst this is true for areas of good data 
coverage, as might be expected RMS errors are significantly greater where 
observations are more sparsely distributed. In the eastern North Sea, rms errors 
of around 2mgal are typical; ship tracks are sometimes so distant that completely 
spurious features appear. The circular anomaly centred on coordinates 
880E,620N, in fig. 3.3 , for example, arises because ship tracks in this region are 
greater than 20km apart and that the grid spacing was not increased to a 
sufficient distance for interpolation purposes. 
Topography contains much more short wavelength information than the Bouguer 
anomaly and this cannot be adequately represented by values on a 2km grid. The 
use of local mean elevations should eliminate the worst effects of aliasing but the 
reinterpolation tests no longer give a measure of the accuracy of the gridded 
values; they show instead the large contribution of unrepresented short 
wavelength features. Fig. 3.7 shows the interpolation residual frequency 
distribution for square SO. The shape of the curve is much broader than that for 
the interpolated gravity anomalies. The RMS error is 41m. Using the simple 
Bouguer correction, which gives about I mgal from lOm of topography, the RMS 
error in the topographic contribution is the equivalent of about 4mgal. However, 
this gives an insignificant contribution to the geoid because it predominantly 
represents features with wavelengths shorter than the Nyquist limit of 4km 
(according to eq. 2.20, a 4 mgal error at the Nyquist wavelength contributes about 
3mm to the geoid). The real error in estimates of mean values is more difficult 
to evaluate. Independent determinations of mean elevations in southeast 
Scotland by Lagios (1979) and by the British Geological Survey typically differ by 
3-Sm. 
3.6 Summary 
Some 400000 gravity stations from the Edinburgh Gravity Data Bank have been 
combined with a set of mean free air anomalies over the Netherlands and point 
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Fig. 3.6 Normalised distribution of interpolation errors for gravity 
anomalies in grid squares SO,NP and OT 
Fig. 3.7 Distribution of interpolation errors for irregularly spaced 
topographic data, interpolated onto a regular 2km grid(square SO) 
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free air anomalies generated from the geopotential model OSU86E to produce a 
2km gridded 900x1000km array generally comprising free air gravity anomalies at 
sea and Bouguer anomalies on land. 
A topographic model consisting of mean anomalies in mountainous regions and 
raw heights from gravity stations as stored in the data bank, interpolated onto a 
regular grid, in lowland areas has been compiled onto the same 2km grid. 
Errors on the gravity data are 0.04mgal on land and 1-3mgal at sea. Interpolating 
them onto a regular 2km grid introduces errors of up to 2mgal, depending on the 
density of observations. On mainland Britain, where at least I station existed 
every 2km the RMS interpolation error is about 0.5mgal. 
Reinterpolation tests for the topographic model are unrepresentative of the 
accuracy of the gridded values. They show instead the large contribution of short 
wavelength features filtered out by the use of local mean elevations. Independent 
estimates of mean elevations vary by 3-5m, giving an uncertainty of the gravity 





Laplace's equation can be represented in polar coordinates (eq 4.1). 
V 2V = (9 2 V/ar2 ) +2r (3V/8r) -- a 2 vi8e 2 
+ cote (av/ae) + (1/ sinLe) (a V/SAL) = 0 (4.1) 
and can be solved to give the potential of the earth, V. in terms of spherical 
harmonics (H + M p57/58). 
V = KMIR{l - E1 E0 (a1R)[(Cnm cosmX +Snmsinmx)Pnm(cose)J} (4.2) 
where 
Pnm (cose) are associated Legendre functions 
R is the radial distance to the computation point 
Cnm ,Snm  are potential coefficients 
X ,e are geocentric longitude and colatitude 
a is the equatorial radius of the earth 
M is the mass of the earth 
The surface spherical harmonics are associated Legendre's functions multiplied 
by cosmA or sinmX. They are weighted by the potential coefficients Cnm  and 
Snm • 
These coefficients can be explicitly determined for the earth's gravity field using 
spherical harmonic analysis. Due to the orthogonality of the spherical harmonics, 
the following relationship holds 
C 0 = (2n+ 1)/(47r) ff0 V(e,X) P(cose)do (4.3a) 
cosmx 
çnm = (2n+1)/2 (n-m)!/(n+m)! f f o 	v(ex)P(cose) do (4.3b) 
(Snm) 	 sinmX 
It is appropriate to note here that if the origin of the coordinate system coincides 
with the centre of mass of the earth then no first degree terms exist. Additionally, 
and S21  will disappear if the z axis of our coordinate system coincides with 
the rotational axis of the earth (H + M p62). These are implicitly assumed in the 
coordinate system used in this study. 
The normal potential of the earth can also be expanded in spherical harmonics. 
Because of the rotational symmetry of the normal field only zonal terms exist and 
since the normal field is symmetric with respect to the equatorial plane there are 
only even zonal harmonics. The normal potential in spherical harmonics is 
expressed as 
U = KM/R [1 - E1 C', (aIR)2r P2 (cos9)] (4.4) 
where 
= (_ I)n 	3e2 "/((2n+1)(2n+3)) (1 - n - 5nC'1 /e2 ) (4.5) 
e being the eccentricity. 
The anomalous potential T(r,e,A) was defined in eq 2.9. As T is also harmonic, it 
too can be expanded as a series of spherical harmonics. 
T(r,e,X) = (KMJR) 	2irro (a/R)" [(C"nm cosmA +Snm sinmX) Pnm (cose)] (4.6) 
11 
Here, Cnm  represents  Cnm  terms in which C2 terms have been modified by the Ln 
subtraction of the C'2 terms from the normal potential(eq. 4.5). 
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Inserting eq. 4.6 into the fundamental boundary condition yields the spherical 
harmonic expansion of the gravity anomaly (H + M 1967, p89) 
Ag = KM/ a2 E=2E=0 (n-i) [(C"nmcosmX + Snm sinmA) Pnm (cose)] (4.7) 
Hence, gravity anomalies and geoid heights can be computed from the 
coefficients Cnm  and  Snm . 
The large variation in size of the factor (n-m)!/(n+m)! in eq 4.3b scales the 
coefficients Cnm,Snm  in a way which disguises the true relative size of terms in 
the potential V( , X). Therefore they are usually normalised so that the average 
square of any fully normalised harmonic is unity. Normalisation also makes the 
computation of the coefficients mathematically simpler. The fully normalised 
coefficients Cnm  and  Snm  are defined as 
CnO = C 0//(2n+1) (4.8a) 
( cnm= {(n+m)!/(n-m)!. 1I(2(2n+1))} 	c Cnm 	(4.8b) 
Snm 	 (Snm) 
4.2 Spherical Harmonic Models 
Knowing the potential coefficients it is a simple matter to evaluate other 
parameters of the earth's gravity field such as the deviation potential, free air 
gravity anomaly and geoid height. Determination of the potential coefficients has 
thus been the subject of vigorous research over the last 20-30 years. 
The advent of precise artificial satellite tracking systems has yielded much 
information on low order potential coefficients, because they cause perturbations 
in satellite orbits. For a detailed description of the relationship between potential 
coefficients and satellite orbits the reader is referred to Kaula (1966) or Vanicek 
and Krakiwsky(1986, chapter 23). Because the earth's gravity field attenuates 
with height, high frequencies are filtered out of satellite only solutions. The 
35 
highest degree satellite only models, such as GEM-TI (Marsh et al 1988) only 
represent the gravity field in spherical harmonics up to degree and order 36 
(wavelengths of about 1000km or greater). 
Since the first efforts at computing spherical harmonic expansions of the earth's 
gravity field in the early 1960s (eg Uotila (1962) - degree and order 4), a rapid 
improvement in global gravity coverage has led to the publication of spherical 
harmonic models up to degrees as high as 360. This can be attributed to the 
availability of global sets of free air anomalies derived over the oceans from the 
satellite altimeter data (eg Rapp 1986). High degree analysis usually includes a 
combination of ocean, terrestrial and satellite data and is undertaken by a 
technique of least squares adjustment. Moritz (1980a, ch2l) and Bosch (1987) 
outline the mechanics of such computations. 
A summary of the most important spherical harmonic models to date can be 
found in table 4.1. 
The most recent high degree models are OSU86E and OSU86F. These, and 
GPM2, are the models used in this study. 
4.3 The Program GRAVCALC 
This program evaluates geoid heights and free air gravity anomalies from eqs. 
2.10, 4.6 and 4.7, referred to a specific reference ellipsoid for a spherical 
harmonic series for which the coefficients are given with Schmidt 
semi-normalisation. It is derived from a program obtained from D.Kerridge 
(BGS) which computed the components of the International Geomagnetic 
Reference Field from its potential coefficients. 
The program generates geoid heights and free air anomalies on a 
latitude-longitude grid. There is an option to interpolate these onto a regular grid 
as defined by the British National Grid coordinate system. 
The relationship of Schmidt normalised to fully normalised coefficients is: 
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field Author year nmax type 
SA072 Gaposhkin et al 	(3) 1973 18 s 
GEM10B Lerch et al (1) 1978 36 s 
0SU81 Rapp (2) 1981 180 c 
GEML12 Lerch et al (1) 1982 20 S 
GRIM3 Reigber et al (4) 1983 36 s 
GPM2 Wenzel 	(5) 1985 200 c 
GRIM3L1 Reigber et al (4) 1985 36 s 
0SU86C/D Rapp + Cruz (2) 1986 250 c 
0SU86E/F Rapp + Cruz (2) 1986 360 c 
GEMT1 Marsh et al (1) 1988 36 S 
Goddard Space Flight Centre 
Ohio State University 
Smithsonian Astrophysical Observatory 
European cooperative program 
University of Hannover 
s satellite only solution, c combination solution 





i 	 ) nrn 	
(C 
? = l/(2n+ 1)2 * 	(4.9) 
(Snm  ) 	 (Snm ) 
The utilisation of Schmidt normalised coefficients simplifies the synthesis of the 
associated Legendre polynomials, which are computed using a recursion 
relationship. For unnormalised spherical harmonics, the recursion algorithm is 
for n n-2 
(n-m) Pnm(cose) = (2n-1)cose Pn_i.m(cos9) - (n+m-i)P_ 2, (cose) (4.10a) 
for mn 
Pnn(cose) = (2n-1) sineP_ 1, _ 1 (cose) (4.10b) 
for mn-1 
i (cose) = (2n-1)cosê 	1 ,- 1 (cose) (4.10c) 
Denoting the associated Legendre function P nm  by P(k) where k = I + m + 1/2 
n(n + 1) the recursion relationship for Schmidt semi-normalised harmonics 
becomes 
for rnn-1 
P(k) = (2nl)P(kn)cos8/(n2m2) - P(k-2n+1) {((n-1) 2 - m2 ) / (n2 -m2 )1 	(4.11 a) 
for mn 
P(k) = ((2n-1)/2n) 2  sine P(k-n-1) (4.11b) 
These are the relationships expressed in the subroutine MAGSYN. 
The effects of the reference field are removed from the coefficients, which are 
read in to a specified degree n, prior to entry into the subroutine MAGSYN. The 
coordinates of the computation point are usually read in geodetic coordinates. 
These are converted to geocentric coordinates in the subroutine MAGSYN. 
Figure 4.1 is a flow diagram depicting the important points in the program; a full 
program listing can be found in appendix 1. 
4.4 OSU86E, OSU86F and GPM2 
4.4.1 Data Sources 
GPM2 is a combination solution to degree and order 200 computed by Wenzel 
(1985). It combines satellite tracking data derived from the spherical harmonic 
model GEM-L2, a set of 55454 l°xl ° terrestrial gravity anomalies and 62100 
GEOS3/Seasat mean sea surface heights. 
OSU86E and OSU86F are combination solutions to degree and order 360, 
computed by Rapp and Cruz (1986b). They used GEM-L2' potential coefficients, 
a slightly modified version of GEM-L2, combined with a WOO , mean anomaly 
data set compiled by Rapp (1986) from GEOS-3/Seasat altimeter data and a 
30' x30' terrestrial mean anomaly database (Despotakis 1986). The distribution 
of the 30' x30' anomalies can be seen in fig. 4.2. OSU86F differs from OSU86E 
in that geophysically predicted anomalies were used in the OSU86F model where 
no terrestrial gravity data existed. The OSU models were generated relative to an 
ellipsoid a=6378138m (cf a6378137m for GRS80), the constant GM and 
flattening f identical to GRS80. All heights and gravity anomalies generated from 
GRAVCALC were generated on GRS80. The approximation of the 0SU86 
ellipsoid to GRS80 will lead to a datum offset of about lm for absolute geoids 
computed in middle order latitudes. 
4.4.2 Comparison of Geopotential Models 
The variance of the potential at degree n on a sphere radius a is defined as 
= (KM/a2 )2  Eb=o (m + 	(4.12) n m' 
and the gravity anomaly degree variances 
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select degree n 
read in coPPe to degree n 
I 	choose reFerence system 
reduce coPPe to chosen rePerence system 
Input iaI.iong or computation point 
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Fig. 4.1 Flow diagram of the program GRAVCALC 
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Fig. 4.2 Distribution of 30'x30' mean free air anomalies used 
in the computation of OSU models 
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Fig. 4.3 Anomaly degree variances for OSU86E and GPM2 
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c = (KM/a-)- ( n 1)L c 	(4.13) 
Figure 4.3 shows the anomaly degree variances for OSU86E and GPM2 over the 
whole range of the spectrum. Fig. 4.4a is a comparison of the low (n<30) 
degrees, 4.4b the percentage differences between them. GPM2 has substantially 
more power than OSU86E above degree 125 but more significantly there is major 
disagreement in the low degrees. In degrees less than about 12 the models agree 
well; between degrees 10-30 differences of up to 30% are apparent. The long 
wavelength differences between geopotential models will have major implications 
for the accuracy of the any absolute geoid computed by combining geopotential 
models with local gravity data. 
No estimation of the accuracies of coefficients exist for the OSU models. Rapp 
and Cruz (1986b) suggest the use of OSU86D standard deviations up to degree 
175 followed by 100% uncertainty above that degree. Standard deviations for 
GPM2 coefficients have been estimated and the accuracies of the models are 
compared in fig. 4.5. GPM2 has a higher formal accuracy than that allocated to 
0SU86, especially at low degrees. This has been attributed to certain accuracy 
assumptions made in GPM2 for satellite altimeter data (Rapp 1987). Generally, 
the accuracies attributed to geopotential models have to be treated with some 
caution, especially in the low degree range where satellite data is the primary 
source of information. Lambeck and Coleman (1983) give a sceptical assessment 
of the accuracies of geopotential models published up to that date. They stated, 
"the various models are not as good as they are said to be. If they were the 
differences between them should not be so great as they are." Although some 
authors rigorously defended their results (eg Lerch et a! 1985), from the results 
presented here for three more recent (and supposedly more accurate) models 
this scepticism seems to be well founded. Error in the geopotential models can 
locally be much greater than the given estimates, especially in regions where little 
terrestrial data were available when the coefficients were computed. The 
different treatment of these holes in the data can cause discrepancies between 
solutions of up to several metres. This is particularly relevant in the test region as 
gaps in the mean terrestrial anomalies exist in parts of mainland Britain (fig. 4.6). 
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Fig. 4.4a Low degree variances for OSU86E and GPM'. 
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Fig. 4.4h Percentage difference between low degree variances 














Fig. 4.5 Accuracies of the OSU86D and GPM2 solutions 
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Fig. 4.6 Distribution of terrestrial mean 6'xlO' free air anomalies 
used in the GPM2 solution around the British Isles 
(from Torge et al 1983) 
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Rapp(1987) computes and compares global rms undulation differences between 
several solutions, including OSU86E, OSU86F and GPM2, along with doppler 
derived undulations and undulations from laser tracking stations. These 
comparisons are somewhat inconclusive. For our purposes, it is more important 
to decide how the geopotential models compare locally in the study area and 
how well they model the local gravity field. 
4.43 Comparison of Geopotenthi Models in the Study Area 
For each geopotential model geoid heights were generated on a 20' x15' grid 
over the southern half of Great Britain. Additional sets of heights were generated 
by truncating the geopotential models to various degrees. Figs. 4.7a-f show 
selected plots of geoid height differences at various degrees. Figure 4.8 shows the 
standard error per level of degree truncation, computed assuming the mean 
difference between the models is zero. 
From fig. 4.8 it is noticeable that the higher degrees cause little increase in the 
difference between models above —n=80 for the fields OSU86E and OSU86F. 
Overall the standard error between these two fields is about 15cm with the 
greatest discrepancies between degrees 20-80. This fact is highlighted by figs. 4.7a 
and 4.7c in that plots of the model differences show predominantly very long 
wavelength features. Below degree 160 the GPM2-OSU86E standard error curve 
shows a similar shape to the OSU86E-OSU86F curve, but with a greater standard 
error of —35cm where the curve flattens out. It can be seen that features in figs. 
4.7d and 4.7f have a greater amplitude than the corresponding figures 4.7c and 
4.7e. Not unexpectedly, GPM2 disagrees more with OSU86E than does 
OSU86F. The most significant factor here is that the difference between GPM2 
and OSU86E comes mainly from discrepancies in degrees less than 80. The 
GPM2-OSU86E standard error curve increases to above 40cm beyond degree 
160. Comparing figs. 4.7b and 4.7d we note the appearance of a large dome 
shaped feature centred on coordinates x850km, y250km in the degree 200 
plot. A similar feature is present in the west, centred on coordinates x = 100km, 
y350km. These features have an amplitude of about 1.5m and a wavelength in 
the order of 200km. No geophysical observations or earlier geoid solutions (eg 
EGG1 Torge et al 1983) suggest such features. As they are not present in the 
45 
498 
Fig. 4.7a OSU86E-OSU86F degree 200 
all 




Fig. 4.7c OSU86E-OSU80F degree 100 
Fig. 4.7a,b,c Difference between geopotential solutions expanded to 
various degrees. 
contour interval 0.lm 









Fig. 4.7d GPM2-OSU86E degree 100 
Fig. 4.7e OSU86E-OSU86F degree 36 
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Fig. 4.7f GPM2-OSU86E degree 36 
Fig. 4.7d,e,f Difference between geopotential solutions expanded to 
various degrees 
contour interval 0.1m 
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Fig. 4.8 Standard error per level of degree truncation 
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GPM2 expansion up to degree 100, it can be concluded that they represent errors 
in the GPM2 coefficients in the range 160<n<200. 
4.4.4 Comparison of Geopotential Solutions with the Local Gravity Field 
The main reasons for using global geopotential models in gravimetric geoid 
computations will be discussed in later chapters. We have seen how the solutions 
differ significantly between each other. More important is how well they 
represent the local gravity field and whether we can decide which geopotential 
solution best models the local data so as to minimise the long wavelengths which 
will cause errors in the final geoid computation. 
For comparison, the southwestern 700km x 700km block was chosen, comprising 
a 350050 array of Bouguer anomalies on land and freeair anomalies at sea, on a 
2km grid, combined with the long wavelength component (n<360) of the gravity 
field due to the topography. A similar 350x350 array of data derived from the 
geopotential coefficients was generated using GRAVCALC for each geopotential 
model. 
Mean anomalies were computed in 128x128km blocks across the whole area. 
Residuals between the local gravity field and GPM2 and OSU86E can be seen in 
figs. 4.9a and 4.9b respectively, the values positioned on the centre of each block. 
The rms for residual mean anomalies is 4.02mgal for GPM2 and 2.20mgal for 
OSU86E. For GPM2, the largest differences occur in North Wales and the Irish 
Sea (up to 1 lmgal), elsewhere block mean differences are in the order of 5mg or 
less. This increase of differences in the west represents the presence of high 
amplitude features of wavelength 100-200km, mainly due to sedimentary basins 
such as Cardigan bay, which have not been accounted for in the computation of 
the GPM2 potential coefficients. Fig. 4.10 represents the local gravity field 
filtered to degree 360 , with OSU86E then subtracted. If OSU86E were a perfect 
representation of the field then these residuals would be zero. In fact, many 
features of wavelength <250km can be seen, coupled with some longer 
wavelength ones, coinciding with the Southern Uplands, the Lake District, the 
Pennines and the Welsh mountains. As with GPM2, OSU86E fails to model the 
gravity effect of the Cardigan Bay basin, It is evident that the high order 
Q.9. 	 SS 
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geopotential models do not model the medium to high frequency components 
well, particularly in areas of rugged terrain. 
Calculating the variance of observed gravity prior to reduction by a global gravity 
model then comparing it with the variance of the reduced data also yields 
information about the goodness of fit of the models to the observed data. Table 
4.2 summarises results for the 3 models involved. 
variance of AgOBS 
variance of Ag 
reduced to GPM2 
variance of Ag 
reduced to OSU86E 
variance of Ag 








Table 4.2 Variance of observed and reduced gravity data sets 
The variance reduction using the 0SU86 models is of the same order as that 
found by Tziazvos (1987) for more extended areas in North America. The 
0SU86 models give almost identical results in this test, GPM2 giving a slightly 
worse fit. 
The gravity anomaly degree variances (eq. 4.13, section 4.4.2) can be obtained 
from the 2-dimensional power spectrum by (Forsberg 1984) 
(n-l)2 /a a 	1/21T ((n+)Ia2 ) S[k] (4.14) 
where k is the wavenumber, n is the degree and S is the power spectrum, 
I F(k) 1 2 . 
The spectral degree variances for the observed gravity and interpolated global 
solutions were computed using the program SPECTRUM. Fig. 4.11a shows the 
degree variances, 4.11b the cumulative degree variances. These diagrams 
reinforce the previous discussion that the high order coefficients provide a poor 
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Fig. 4.10 Local gravity data, filtered to degree 360 
and reduced to OSU86e 
contour interval 5mgal 
red contours positive, blue contours negative 
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representation of the local field, having too little power above degree 180. 
Significant discrepancies are also present at lower frequencies. 
4.5 Conclusions 
Significant differences exist between spherical harmonic solutions at all degrees. 
The standard error between geoid heights computed using different global 
geopotential models can be in the order of several decimetres (fig. 4.8). This is a 
confining restraint on any method of computing the geoid which does not utilise 
global observed gravity data. Absolute geoids computed using local gravity data 
combined with different long wavelength geopotential models will disagree 
because the models themselves disagree. The differences between supposedly 
high accuracy geopotential models highlight the weakness of the geopotential 
solutions, particularly in the long wavelength band (n<36). 
Above spherical degree 180 the geopotential solutions have too little power and 
model the local gravity field poorly. This is hardly surprising as errors on the 
coefficients above this degree and order are often more than 100%. 
In degrees less than 180 the fit of the global gravity models to the local field is 
better. Errors still exist in the very long wavelength range however. Spectral 
analysis of the models shows there are still major problems in computing 
coefficients in the lower wavelength range. It is this waveband which is most 
important to the FFT method as any long wavelength errors in the geopotential 
model will propagate through to the final result. Because of the limited extent of 
the observed gravity data, we have no control over these long wavelength errors. 
It can be hoped that at higher frequencies local data can correct errors in the 
gravity model (section 6.5). The effects of very long wavelengths on FFTs are 
discussed in chapter 6 and on Stokes' integral in general in chapter 7. 
It is apparent that there is only a small discrepancy between the two OSU 
models, hardly surprising as they are basically derived from the same data set. 
GPM2 is a worse fit in the region of study, containing significant errors in the 
degree range 160-200, as well as discrepancies at lower degrees. 
* This type of terrain corrected free air anomaly, comprising free air anomalies 
below degree 360 and Bouguer anomalies above degree 360 is described in more 
detail in section 6.2.2. In this case, as mean anomalies are computed in 128km x 
128km blocks the effect of the short wavelength Bouguer anomalies is filtered out 
in the averaging process leaving mean free air anomalies representing the local 
gravity field in each block. These are then compared with mean block free air 
anomalies generated from the potential coefficients. 
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Chapter 5 
Practical Aspects of Computations using Fourier Transforms 
5.1 Introduction 
Problems associated with Fourier transform techniques, such as windowing and 
leakage, were introduced in section 2.1. Although Fourier transforms are 
currently being widely applied to gravity field convolution integrals (eg Forsberg 
1985, Tziavos et al. 1988, Forsberg and Kearsley 1989) and the problems involved 
are well known (Bracewell 1986, Sideris 1987, Schwarz et al. 1990) surprisingly 
little quantitive work on the problems themselves has been published. This 
chapter is an attempt to redress this imbalance. The main source of problems 
with Fourier techniques considered is the phenomenum classed here as Leakage, 
to which section 5.2 is devoted. The other major problem encountered is due to 
the application of the wavenumber division algorithm itself which causes a datum 
shift in the result if the initial data set has a non zero mean. This is dealt with in 
section 5.3. 
As a prelude to the rest of the chapter, a simple test was performed to check the 
accuracy of the FFT routine in the program SPECTRUM. A sinusoidal wave 
was generated on a square, regular grid. Its Fourier transform and inverse 
transform were computed using the SPECTRUM package and the output 
compared with the original wave. Performing this test involves an operationally 
exact inverse function. The percentage error is less than 0.001%, showing not 
only is the algorithm behaving correctly but also the magnitude of the rounding 
error in the program is negligible. 
5.2 Leakage 
In this section leakage effects are assessed in the context of synthetic data, with 
which it is possible to estimate the true extent of the problem, and real data, with 
which experience gained by synthetic tests can help estimate the extent of the 
error. Specifically, we examine: 
Leakage in the presence of short wavelengths only 
Leakage in the presence of long wavelengths 
In section 5.2.3 various methods of reducing leakage are described and analysed. 
5.2.1 Leakage in the Presence of Short Wavelengths Only 
We know that leakage stems from the discontinuities at the edge of the data set 
caused by the infinite repetition imposed on the data by the taking of the discrete 
Fourier transform. If a certain frequency present does not integrally fit into the 
length of the data rectangle, the information leaks into the adjacent 
representation of the data. This leakage is typically 1/2 wavelength in from the 
margins. An example is illustrated in fig. 5.1. A simple sinusoid of wavelength 15 
units was generated on a square grid size 140 units, then transformed using the 
equation 
c(u,v) = F 1 [{1 - (k0 /(k +k))} F[sink0 (xcose +ysine)] ] (5.1) 
Eq. 5.1 gives the error, c(k.( ,ky ) caused by the wavenumber division 
transformation as a fraction of the peak amplitude of the true waveform. Within 
1/2 a wavelength from the margins errors are substantial; elsewhere the error is 
between 0 and 2%. 
Figs. 5.2a and b illustrate the effect of edge discontinuities for synthetic data 
comprising a continuous spectrum of waveforms. In this case, the gravity 
anomalies and potential were generated on a square grid of dimension 100 units 
using a 6x6 block of point masses. The gravity anomalies were transformed to the 
potential using the FFT and the real and transformed potentials compared. The 
figures show the error as a percentage of the peak true signal for the masses set 
in the centre of the array (fig. 5.2a) and offset to the southwest by 25 units (fig. 
5.2b). Note that for comparison, both the theoretical and transformed potential 
have been adjusted to zero mean. This adjustment will be further discussed in 
section 5.3. 
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Fig. 5.1 Leakage error as fraction of peak amplitude for 
sinusoid wavelength 15 units, grid size 140 units 
contour interval 0.05 
red contours positive, blue contours negative 
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L 
Fig. 5.2a % error as a fraction of peak amplitude for point masses 
situated in centre of lOOxlOO array 
Fig. 5.2b % error as a fraction of peak amplitude for point masses 
situated near southwest corner of lOOxlOO array 
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In fig. 5.2a leakage effects are negligible. The gravity anomaly drops of as hr 2 so 
the magnitude of the anomaly was very small near the edges, the block being 
situated in the centre of the array. This is equivalent to tapering the data to zero 
on the edges - we shall see later that this operation greatly reduces leakage 
errors. When the block of point masses is situated nearer the edges, gravity 
anomalies have a significant magnitude at the edge of the array causing a 
discontinuity there when the Fourier transform is taken. As a result of this 
discontinuity, the data leaks into the other edges causing errors of greater than 
5%. In the centre of the array, smaller errors of less than 2% are present. 
For real data it is impossible to quantify absolutely the magnitude and the extent 
of leakage. However, the effects can sometimes be clearly visible. In fig. 5.3 the 
gravity effect of the topographic model, filtered so that only components of 
wavelength < 200km remain, has been transformed to the geoid height 
contribution by eq. 2.20. As with the point synthetic data, we see marginal 
discontinuities cause leakage along opposite edges, most evident where 
information in Northern England creates spurious results east of the Orkneys 
and the contribution of the Isle of Lewis appears in the sea south of Norway. It 
appears that leakage, for an array of this size comprising only high frequency 
components, extends between 50 and 100km in from the edges. 
When only short wavelengths are present, leakage is restricted to a distance of 
about 1/2 the longest wavelength present from the data margins. In these regions 
the effect can be considerable. Away from the data margins, synthetic tests show 
that Fourier transformation by wavenumber division achieves accuracies of better 
than 2%. 
5.2.2 Leakage in the Presence of Long Wavelengths 
As longer wavelengths are introduced into the data set, leakage begins to extend 
further towards the centre of the array. Once wavelengths longer than the 
dimensions of the data set are present, the infinite periodic repetitions of the 
data record caused by the Fourier transform seriously amplify the problem. This 
is illustrated in fig. 5.4a and b, plots of error as a fraction of peak real amplitude 





Fig. 5.3 Transformed short wavelength gravity anomaly due to the 
topographic model showing leakage effects 
contour interval O.lm 






Fig. 5.4a error as a fraction of peak amplitude for wavelength 100 units 
grid size 140 units 
.60 
1 0 	 CD 
Fig. 5.4b error as a fraction of peak amplitude for wavelength 200 units 
grid size 140 units 
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140 units. In comparison with fig. 5. 1, for A = 100 larger errors are encroaching 
towards the centre emphasising that as the wavelength increases edge effects 
become larger and extend further from the data margins. For A = 200, ie 1.5 times 
the dimensions of the array, large errors are generated even in the centre of the 
array where the error is between 10 and 20% 
This simple example shows that the Fourier transform method computes 
erroneous results in the presence of wavelengths longer than the dimensions of 
the data set. Even medium wavelength features, of wavelength less than the 
dimensions of the data set can cause considerable errors towards the centre of 
the data area. 
It is obviously necessary to remove low frequencies from the data prior to FFT 
computation. An important question here is what is the maximum frequency 
which has to be removed to reasonably minimise the long wavelength 
enhancement of leakage. This will, of course, depend on the dimensions of the 
data set but for the purposes of this project it can be assumed that the array size 
is in the order of several hundred kilometres. 
A test to assess the contribution of different frequency bands to the error on 
geoid height contributions was devised using the spherical harmonic geopotential 
model OSU86E. By generating gravity anomalies up to degree and order 360 
using the routine GRAVCALCA then subtracting gravity anomalies generated up 
to some lower degree n, all harmonics of degree less. than n are removed. 
Transforming the detrended gravity anomalies to geoid heights using the FFT 
then adding geoid heights generated using GRAVCALCA from coefficients up to 
degree n restores the trend. Comparison of this geoid with the 'real' geoid, 
generating directly from GRAVCALCA using coefficients up to degree and order 
360 will reveal any errors caused during the FFT transformation by harmonics in 
the range n-360. By using different values for n the effect of the FFT algorithm 
on different wavebands was assessed. 
Results for n200,100,36 and 12 are presented in table 5.1 and figs. 5.5a,b,c and 
d respectively. In all cases the data were tapered to reduce edge discontinuities. 
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Pig. 5.5a Effects of the FFT algorithm on degrees 200-360: 
resultant long wavelength errors 
contour interval 0.05m 
red contours positive, blue contours negative 
!I1iII4Ld 
Fig. 5.5b Effects of the FFT algorithrr on degrees 100-360: 
resultant long wavelength error 
contour interval 0.05m 
red contours positive, blue contours negative 
L 
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Fig. 5.5c Effects of the FFT algorithm on degrees 36-360: 
resultant long wavelength errors 
contour interval 0.lm 
red contours positive, blue contours negative 
Fig. 5.5d Effects of the FFT algorithm on degrees 12-360: 
resultant long wavelength errors 
contour interval 0.2m 
red contours positive, blue contours negative 
L 	
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degree variance 	(mgal 4 ) % variance 	reduction 	rms error (cm) 
	
12 	218 9 108.7 
36 122 	 48 	 36.2 
100 	 48 79 10.8 
200 13 	 95 	 2.7 
Table 5.1 Variances of different degree ranges and the RMS error 
caused by their presence during transformation 
From the table and figures several points arise. As was seen with synthetic 
sinusoidal data, the transformation of wavelengths much shorter than the 
dimensions of the data set causes few errors away from the array margins. 
Marginal leakage does not extend into the centre of the array for more than 
about 1/2 wavelength of the lowest frequency harmonic present. In Fig. 5.5a, the 
error on transforming degrees 200-360 (A 100-200km) is less than 5cm over 
most of the array. 
Introducing degrees 100-200 (X 200-400km) into the computation increases the 
rms error by about a factor of 5 and also causes the leakage lobes to extend 
further towards the centre. However, in the central 700x300km block errors are 
still mostly less than 5cm. Once degrees 36-100 are incorporated the error 
distribution becomes much more serious. The rms error is 36.2cm, extending 
across the centre of the array. The significant increase in the error amplitude 
coincides with wavelengths longer than the dimensions of the array (up to 
1111km) being present. As might be expected from the synthetic data, the 
presence of further long wavelengths fuels the problem. Harmonics in the degree 
range 12-36 cause catastrophic errors of many decimetres (rms 108.7cm) in the 
final solution. 
In conclusion, it may be stated that in order to obtain a precision of less than 
5cm, it is necessary to suppress all wavelengths longer than 400km (n= 100) prior 
to taking the FFT and probably wise to suppress wavelengths longer than 200km. 
These estimates depend on the dimensions of the data set. Here it is assumed the 
array sizes greater than about 1000x1000km are becoming unmanageable, not 
only because of the size of the array involved in taking the FFT but also because 
of the limits of the flat earth approximation. Suppression of the longest 
wavelengths (n<36) is especially critical as these are the sources that cause the 
greatest errors. 
523 Reduction of Leakage 
523.1 Tapering 
Tapering the data removes the discontinuity at its edges. Using, for example, a 
cosine bell causes the first and last values in the data record to approach the 
mean value, which by definition, is set to zero (section 5.3). The disadvantage is 
that the percentage of data used in the tapered border is lost, reducing the size of 
the region where applicable results can be obtained. However, the increase in 
accuracy is more important than the loss of data. Fig. 5.6 shows the short 
wavelength contribution of the topography to the geoid after a 5% taper has been 
applied around the data margins. The improvement is substantial (compare fig. 
5.3), the large features in the north of England, Lewis, Norway and NE Scotland 
having been removed. 
Figs. 5.7a-c further illustrate the reduction of leakage error by tapering. Two 
overlapping strips of short wavelength gravity anomalies due to the topographic 
model, corresponding to coordinates x= 100-998km, y500-998km in the north 
and x100-998km, y250-748km in the south, were transformed to geoid 
heights. Fig. 5.7a shows the difference in results for the overlapping region 
without a taper being applied; fig. 5.7bwhen a 5% taper was used. Fig. 5.7c is a 
1-dimensional residual plot along the profile y624km, ie that profile furthest 
away from the edge of either array. On this line it might be expected that leakage 
effects would be smallest. Obviously, leakage effects are maximised on the edges 
of the data rectangles but for the untapered residuals, they appear substantial, 
even when well away from the edges. Tapering reduces the discontinuity on the 
data margins causing leakage effects to be confined to the very edges of the array. 
In the presence of very long wavelengths, however, tapering can only reduce 
leakage in the centre of the data area, rather than remove it completely. 
It is evident that problems may be encountered in combining overlapping strips 
resulting from FFT computations. Long wavelengths present prior to taking the 
FFT can cause leakage errors which make these overlapping strips disagree. 
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Fig. 5.6 Transformed short wavelength gravity anomaly due to the 
topographic model showing leakage error after application of a 5% taper 
contour interval O.lm 
red contours positive, blue contours negative 
L 
7 50 / 
- 	---- - 




Fig. 5.7a Difference between overlapping strips when no taper applied 
(British National Grid coordinates) 
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998 
Fig. 5.7b Difference between overlapping strips when 5% taper applied 
(British National Grid coordinates) 
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Fig. 5.7c Difference between overlapping strip for profile y=624 








Further evidence of disagreement between overlapping blocks can be seen in 
sections 5.2.3.2 and 5.2.3.3 whilst the practical problem of joining blocks up is 
appraised in chapter 6. 
5.232 Embedding the Data in a Border of Zeros 
An alternative to tapering is to surround the data margins with a border of zeros. 
Not only does this remove the edge discontinuity but also moves the margins 
further away from the real data, thus decreasing the likelihood of severe leakage 
contaminating the centre of the array. The main problem with the border of 
zeros method, in terms of this project which already involves computing 
exceedingly large Fourier transforms, is that adding a border increases the array 
size and hence computation time. Also a sharp discontinuity still exists where the 
border meets the real data and may still cause spectral distortion. Fig. 5.8 is an 
example of the transformation of a 250x250 square of filtered gravity anomalies 
on a 2km grid with and without a 100km border of zeros. It is a plot of the 
difference between the "2 overlapping regions. Adding the border changes the 
leakage pattern on the very edges and introduces a shallow long wavelength 
difference between solutions. From this example, however, it is impossible to say 
that the solution embedded in the border of zeros is actually an improvement on 
the initial solution at the data margins although it seems likely that this is the 
case. 
To compare results for this method with tapering, two overlapping 500x5OOkm 
squares from the array DETFREEAIR (section 6.5.3) were generated, 
corresponding to coordinates x= 100-598km, y500-998km in the north and 
x= 100-598km, y250-748km in the south. These were embedded in borders of 
zeros width 0km and 50km. Profiles of the differences of the transformed geoid 
heights along the profile furthest from the edges of either array (y624km), can 
be seen in fig. 5.9 along with the same profile for results using a 5% taper. 
We see that adding a wide borders of zeros does not improve the fit between the 
overlapping blocks and that tapering is a superior method of leakage reduction. 
It may be conjectured that the sharp discontinuity between the real data and the 
border has roughly the same effect on the FFT as if the discontinuity was at the 
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Fig. 5.8 Difference between a 500x500km gravity anomaly array 
transformed using the FFT and the transformation of the same 
array embedded in a 100km border of zeros. 
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Fig. 5.9 Differences between overlapping blocks 
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Fig. 5.10 Residual Profiles: square and rectangular grids 
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edge for long wavelength leakage but adding a border reduces the effect of 
marginal leakage. Possibly, a much more efficient method would be to combine 
the two methods; to taper the data whilst embedding it in the block of zero. This 
remains untested, however. 
5:233 Shape of the Data Area 
Residual error on the results from the overlapping data segments can be greatly 
reduced if the data area is square rather than rectangular. In fig. 5.10, the best 
residual profile (y624) from the overlapping 450x250 point (900x500km) arrays 
defined in section 5.2.3.1 is compared with the equivalent profile from the 
250x250 point (500km x500km) arrays defined in the previous section. Geoid 
heights were computed from detrended free air anomalies. The difference for the 
rectangular blocks is several times greater than that for the square blocks. 
To understand why changing the shape of the grid from rectangular to square 
should improve the fit between overlapping strips we must consider the shape of 
the convolution operator I/k in the space domain. This is revealed in figs. 5.11a 
and b for square and rectangular grids respectively. The adjacent periodic 
repetitions caused by taking the Fourier transform of the 1/k operator cause no 
problems on a square grid but interfere with each other on the rectangular grid, 
distorting the convolution function. Fig. 5.11c shows the difference in kernels 
transformed on square and rectangular grids in the x and y directions. 
Differences are greater for distant zones: the effect of distorting the kernel will be 
to cause long wavelength errors when using a rectangular rather than a square 
data area. 
Fitting the i/k operator to a square grid is in itself an approximation as the 
operator itself is in reality circular. This approximation causes negligible 
distortion of the kernel but on a rectangular grid the distortion is appreciably 
worse. It seems advisable to use square arrays rather than rectangular arrays in 
conjunction with this Fourier transform convolution even though the percentage 
differences in fig. 5.11c are very small. For this project it was found that splitting 
the total study region into 4 700x700km square regions rather than 3 overlapping 
strips, although computationally more time consuming, greatly improved the fit 
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Fig. 5.1 la 1/k integration kernel represented in space domain 
for square grid 
grid dimensions lOOxlOOkm 
Fig. 5.1 lb 1/k integration kernel represented in space domain 
for rectangular grid 
grid dimensions lOOxôOkm 
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Fig. 5.11c % difference in integration kernels on square and 
rectangular grids as a function of peak amplitude. 
between the separate regions of integration. 
53 The Zero Mean Offset 
In section 5.2.1 it was stated that for comparison between the theoretical and 
transformed point mass potentials, both had to be adjusted to zero mean. The 
reason for this is demonstrated in fig. 5.12, a theoretical and transformed profile 
for a synthetic point mass model prior to adjustment. In the program 
SPECTRUM because of the neglect of the 2/R term in eq 2.18 we are left with a 
zero division when k=O. To avoid this, when the wavenumber is zero the Fourier 
transform is set to zero; this redefines the mean of the data set to zero, removing 
some unknown plane from the result. As a consequence, the transformed data is 
offset vertically by this unknown plane. This is not a difficulty for synthetic data; 
the mean offset can be computed directly and restored. For real data it is 
impossible to compute the effect of the mean being set to zero and so the 
absolute offset cannot be restored. 
Relative offsets between similar data sets can be estimated however. Estimations 
rely in the fact that the magnitude of the offset of the mean will be directly 
proportional to the mean of the data set itself. Fig. 5.13 illustrates the linear 
relationship between the mean of the data set and relative offset for point masses 
of increasing magnitude on a lOOxlOO point grid. The offset was measured at the 
centre of the array, at the position the point mass was located. 
Theoretically, when considering real data, all long wavelength trends must be 
removed before computing the FFT, be it by filtering, as in the case of the 
topographic contribution, or the removal of a high degree and order spherical 
harmonic model, as in the case of the local gravity contribution. These 
modifications should set the mean of the residual data set to zero. We have 
already seen that the spherical harmonic models do not perfectly fit the local 
data, thus leaving long wavelength residuals in the detrended data. These 
residuals cause the mean anomaly before computation of the FFT to be non-zero 
thus leading to a vertical displacement of the resultant profiles. When computing 
geoid heights for overlapping blocks, each will have a different mean value so 
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Fig. 5.12 Point mass profile prior to adjustment: 
theoretical and transformed by FFT 
Fig. 5.13 Linear relationship between mean 
of data set and offset 
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unknown datum. 
Geoid contributions were calculated in 4 overlapping 700x700km blocks (fig. 
5.14).The resultant 350x350 array was the largest array for which the FFT could 
be computed using the Edinburgh mainframe computer. The central region 
(x300-800km, y300-700km) contained 4 estimates of geoid height 
contributions. The most central 100km square (x500-600km, yz450-550km) 
was taken as the best area in which to compare the 4 estimates as it was a 
sufficient distance from the edge of each array for marginal leakage effects to be 
minimised. The differences in mean geoid heights between respective blocks were 
computed for this region and were plotted against the total mean of each block 
prior to FFT computation. The results are displayed in fig. 5.15. Comparisons 
between diagonally situated blocks have been omitted because marginal leakage 
interferred with estimations of the relative offsets in this case. 
Each line represents the best fit straight line for the different blocks which are 
labelled by geographical position, NE,NW,SE,SW The line fits were computed 
using the MINITAB statistical package. In the absence of other errors the points 
should lie on parallel straight lines. MINITAB computes the equation of the best 
fit line and the R-sq fit (Ryan 1985) which would be 100% if the points fit a 
straight line perfectly. If the mean of the data set were zero then the offset would 
be zero and each of these lines would pass through the origin. In correcting them 
to the same datum, it is the y-intercept for each line in fig. 5.15 which will give 
the relative amount of correction required. Results of the statistical interpretation 
of fig. 5.15 are given in table 5.2. 
block r-sq % ycoff 	(cm) error 	(cm) 
SE 97.0 19.1 2.1 
NE 99.3 9.4 0.8 
SW 99.6 2.5 0.7 
NW 97.2 -4.5 1.0 
Table 5.2 Statistical interpretation of fig. 5.15 
The values in the y coff column are the numbers which have to be subtracted 
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Fig. 5.14 Diision of Study area into 4 overlapping 700km x 700km blocks 
NW x = 100-798km, y300-998km 
SW x = 100-798k m, y0-698km 
SE x300-798km y0-698km 






Fig. 5.15 Relative offset plotted against block means: 
y intercept gives required adjustment to arbitrary datum 
datum. It should be noted that the datum has been chosen arbitrarily and does 
not represent an absolute datum, although, given the size of the relative 
displacement compared with the residual mean values, it is likely that this 
arbitrary datum will not be more than a few cm from the true datum. The error 
on the relative adjustment is around 1cm, except for the southeasterly square 
where the error rises marginally above 2cm. The mean offsets between the short 
wavelength topographic contributions is less than 1/2cm which is small enough to 
justify the neglect of the adjustment in this case. 
5.4 Summary 
In general, it is necessary to remove all wavelengths longer than the data edges 
prior to FFT computation. Wavelengths of greater than 1/3 the length of the data 
set can also cause significant leakage effects and should be suppressed. 
For an array of dimensions of 700 kilometres all degrees up to 200 should be 
suppressed. 
The data must be tapered in order to reduce leakage effects caused by 
marginal discontinuities. Embedding the data in a border of zeros is an 
inadequate alternative to reducing leakage by tapering because it fails to cope 
with long wavelength leakage effects. 
Because of the shape of the 1/k operator it is wise to use a square rather than 
rectangular grid. 
The wavenumber division operation causes the result to be arbitrarily offset. 
Overlapping data sets must be adjusted to the same relative datum. 
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Chapter 6 
Geoid Computations Using Fourier Transforms 
6.1 Background 
6.1.1 Introduction 
All integral formulae described in chapter 2 apply to free air anomalies. Whilst 
this is conceptually rigorous at sea where there is no topographic effect, it is only 
an approximation when computing geoid heights on land. Hipkin (1988) 
describes a method that can rigorously determine the geoid on land. 
Integrating a terrain corrected free air anomaly makes inefficient use of the data. 
Based on a suggestion by Stokes (1849), Hipkin proposed separate integration of 
the two independent contribittions to the geoid from subsurface anomalous 
densities (Bouguer anomalies) and topographic masses. As seen in figs. 6.1a and 
6.Ib the Bouguer anomaly contribution is much smoother than that due to the 
topographic masses. Since the Bouguer anomaly is so smooth, it might be 
expected that more widely spaced data would generate a very similar result, 
providing the digital terrain model, which provides the high frequency 
components, was modelled on a sufficiently dense grid. Topographic maps can 
supply this kind of detailed information. This would be a major advantage for 
surveys where detailed topographic maps already exist as it would greatly reduce 
the amount of gravity data required to model the potential. 
The topographic masses were condensed to a surface density and then 
transformed to the potential using a Fast Fourier Transform. This was added to 
the potential computed from the Bouguer gravity anomalies. The condensation of 
the topography is known as Helmert's condensation reduction. 
6.1.2 Helmert's Condensation Reduction 
Helmert's condensation reduction is applied as follows (fig. 6.2): 





Fig. 6.1b Example of topographic contribution to the geoid 




Fig. 6.1a Example of bouguer cogeoid 
(from Hipkin 1988) (o . ' Cøcevcc'\ 
0 A 
lower station from P to P0 
restore masses condensed in a layer on the geoid with density a= p h 
The equivalent stratum concept (Grant and West 1965) gives the gravity effect 
due to a surface density as 
g(x,y,O)_2 Ka(x,y,0)= 21TKPh. (6.1) 
In the frequency domain, transforming AgT  to the potential, this becomes 
NT = 27rpKly F[ F[h] 1k] (6.2) 
where NT  is the geoid component of the topography. 
To compute Ag a normal density of 2700kgm 3  was used in conjunction with 
the gridded topographic model. Here the choice of density has no effect - it 
merely alters the division of the gravity effect between the topographic and 
Bouguer contributions. 
6.1.3 The Indirect Effect 
More important than the choice of density is the fact that the potential of the 
topographic masses in situ and the condensed masses will be different. This 
change of potential (and hence the change in geoid undulation) is known as the 
indirect effect. The indirect effect is not harmonic within the topographic 
masses. It cannot be continued from the geoid to the topographic surface. E-lipkin 
(1988) redefines the geoid so that it excludes the indirect effect. If the potential is 
required on the topographic surface it must be continued upwards through the 
topography and the indirect effect then added. This amended concept of the 
geoid is adhered to in this study. 
Although this change is not included in our definition of the geoid, it will 
become important when comparing our geoid heights with 'real' geoid heights, as 






Fig. 6.2 Helmert's condensation red liction 
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effect, what magnitude of error are we assigning to our final results? 
Methods for estimating the indirect effect have been described by Hipkin (1988), 
who suggested a contour integral approach, and Sideris (1989), who suggested an 
FFT technique. To date, neither of these methods have been applied to the 
topography of the British Isles. Estimates of the magnitude of the effect vary. 
E-Iipkin (ibid) derived the indirect effect of a cylinder radius R, height Z6 km as 
lying with the limits 
0<1 v-vI <1TKpz12 
Here, V represents the condensed potential. 
In the worst case (R< <70),  representing a rock pinnacle or mineshaft the effect 
on the geoid is 0.566zm (note misprint in Hipkin's paper states this as being a 
factor of 10 smaller). As the greatest elevation in the UK is 1300m then the 
indirect effect must always be less than 112m. Sideris (1989) estimated the effect 
in a 36x56km area of the Canadian Rocky mountains. Elevations ranged from 
1387 to 3413m with a mean value of 2130m. The RMS value of the indirect effect 
was 42cm. 
As heights in the UK are substantially less than in the Rockies, the indirect effect 
can be expected to be correspondingly lower. In gently undulating lowland areas 
the effect will be negligible. However, locally, in the most mountainous regions, 
such as the highlands of Scotland or North Wales, the effect could be as high as 
20 or 30cm. Certainly, the indirect effect can be sufficiently large in magnitude to 
warrant a specific estimation before geoid heights can be computed with 
precision in mountainous areas. 
62 Modifications to Hipkin's Method 
6.2.1 Removal of Long Wavelengths 
Section 5.2 showed the necessity of removing all long wavelengths present in the 
data set prior to FFT computation. In Hipkin's paper (ibid), very long 
wavelengths were suppressed by the removal of a least squares plane. The final 
geoid was thus generated relative to an unknown plane. A preferable method is 
to suppress unwanted long wavelengths by subtracting gravity anomalies 
generated from a high degree and order geopotential model. This has two 
advantages. Theoretically, all harmonics up to degree n are removed so low and 
medium wavenumbers which are of wavelength greater than about 1/3 the length 
of the data set are suppressed. The possible presence of long wavelengths in the 
least squares detrended model would have caused serious errors as seen in 
section 5.2. More importantly, after integration it is possible to retrend the 
resultant data using geoid heights generated directly from the geopotential model 
(eq 4.7), thus generating an absolute geoid. 
6.2.2 Long Wavelengths in the Topography 
Eq 6.2 generates the topographic contribution to the geoid NT  directly from 
topographic heights. However, very long wavelengths in the topographic model 
cause errors in the Fourier transformation, giving spurious long wavelength geoid 
features (fig. 6.3). Once the low frequencies have been removed the problem is 
solved. 
Gravity anomalies generated from the spherical harmonic model by eq 4.7 are 
free air anomalies. On land Bouguer anomalies and free air anomalies are not 
equivalent so the geopotential model would be a very poor fit to the local data, if 
only Bouguer anomalies were used. By adding the long wavelength topographic 
gravity contribution to the local Bouguer gravity anomalies, we create a data set 
comprising free air anomalies over the long wavelengths and Bouguer anomalies 
over the short wavelengths. The resultant anomaly is effectively a type of terrain 
corrected free air anomaly. It is then possible to detrend free air anomalies with 
free air anomalies, simply leaving short wavelength Bouguer anomalies. 
The gravity attraction of the topography is computed at each point from eq. 6.1. 
The resultant gravity anomalies are filtered into short and long wavelength 
components, the long wavelengths being added to the local gravity anomalies. 
This extra step is essential when performing the Fourier integration of the two 
contributions separately. 
6.23 Summary of Modified Method for Geoid Computations 
On land, the free air anomaly is split into two parts, that due to the anomalous 
masses AgB and that due to the topographic masses Ag T . AgT is computed at each 
grid point from the topographic model (section 3.4) using eq. 6.1. 
AgT is filtered into short and long wavelength components, 
The short wavelength component is transformed separately to the potential 
(hence geoid height NTSW)  of the short wavelength topography. 
NTSW = 1/y F 1 	 gTSW  /k ] (6.3) 
The long wavelength component is added to the local Bouguer gravity anomaly 
to create an array comprising short wavelength Bouguer gravity anomalies above 
degree n, where n is the maximum degree of the spherical harmonic model, and 
free air anomalies below degree n. Gravity anomalies generated from the 
geopotential model Ag (eq 4.8) are subtracted to produce detrended gravity 
anomalies. 
A gDET -":A gL0C' A9TLW -A gGM (6.4) 
These are transformed to the geoid height due to the short wavelength anomalous 
potential (Bouguer potential) NB. 
NB = 1/y F 1 [ F[Ag] 1k] (6.5) 
Geoid heights, NGM,  generated directly from the geopotential model (eq 4.2) are 
then added to the sum of the 2 components to produce a final absolute geoid 
NABS NTSW +N B  +NGM (6.6) 
6.3 Long Wavelength Residuals in Detrended Gravity Data 
In section 5.2 we saw that the presence of harmonics as high as degree 200 can 
cause long wavelength errors. Chapter 4 concluded that long wavelength 
differences exist between the global gravity models OSU86E,OSU86F and GPM2 
and that the models themselves fail to model the long wavelengths in the local 
gravity field accurately. Once the local data have been detrended using a specific 
geopotential model residual long wavelength features will remain. These residuals 
will cause long wavelength errors in the final solution. 
As an example, results were computed by dividing the study region into 3 
overlapping strips, N360EN (y = 500-1000km), N360EC(y = 250-750km) and 
N360ES(y0-500km). Having rectangular rather than square data area 
exaggerates the effect so is useful for illustrating this example. Gravity anomalies, 
from each strip were transformed to detrended geoid undulations NB  by 
eq 6.5. The two-dimensional residual between N360EC and N360ES and 
N360EN and N360EC can be seen in figs. 6.4a and b (compare figs. 5.7a and b). 
Edge effects show up on either margin of the residual plot as here the results 
where leakage is a minimum in the centre of one segment are being compared 
with those most distorted due to leakage on the margins of the other. Plots of the 
centremost profiles (y376km in the south, y624km in the north), the profile 
where data from both strips are furthest away from the edges so marginal leakage 
is minimised, and their residuals can be seen in fig. 6.5a and b. 
The first thing of note is that the residual profiles are of very long period. High 
frequencies are uncontaminated by long wavelength residuals present prior to 
transformation. Note that the profiles are slightly displaced relative to each other 
due to the zero mean offset which was discussed in section 5.3. 
The differences we see between segments are only relative errors. Any errors 
common to both strips are impossible to detect. It is possible to put some limits 
on the probable amplitude of the true error functions from section 5.2. If all 
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Fig. 6.4a 2D residual between N360EC and N360ES 
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Fig. 6.5a Detrended geoid profiles along grid northing 376km 
Fig. 6.5b Detrended geoid profiles along grid northing 624km 
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degrees between 12 and 36 are included the rms error in table 5.1 increases from 
36.2cm to 108.7cm. The true error amplitude will be considerably less than this 
as most of the low frequencies have been removed and the residuals causing the 
problems are relatively small especially when computations are performed on a 
square grid. 
The long wavelength errors between overlapping data areas are caused by the 
response of the FFT algorithm to long wavelength residuals in AgDET. They may 
be reduced but never eradicated. The accuracy of the absolute result depends 
heavily on the goodness of fit of the geopotential model to the local data, a factor 
upon which we have no control. 
6.4 Compilation of Data Blocks to Produce a Final Geoid 
Because of the large number of points in the data set it was necessary to split the 
region up into smaller blocks to facilitate the FFT transformation. This meant 
that to produce a final geoid map, the various blocks had to be combined. 
Two problems exist when combining overlapping geoid blocks to produce a final 
map. Firstly, each block is offset vertically in some way relative to the other and 
they must be adjusted to the same datum as described in section 5.3. Assuming 
this operation has been performed, long wavelength differences still occur in the 
region of overlap (figs. 6.4 and 6.5) thus precluding the simple joining of the 
various blocks. The magnitude of these differences is small providing the steps 
outlined previously have been taken. 
The study area was divided into 4 square 700x700km regions (fig. 5.14). The 
nature of the division of the study area allows us to obtain a good estimate of the 
errors caused by the presence of long wavelength residuals. In the central 
500x400km region, 4 separate geoid estimates exist. In order to neglect edge 
effects, comparison was made only in the centremost 100km square 
(x500-600km,y450-550km). For the Bouguer cogeoid contribution, NB, 
detrended relative to OSU86E, the mean overlap error in this region was 0.54cm. 
For a similar cogeoid detrended relative to GPM2, the mean overlap error was 
2.34cm. For the short wavelength topographic contribution, NTSW, the mean 
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overlap error was less than 0.2cm. 
The overlap errors are larger for the cogeoid computed relative to GPM2 
because of the worse fit of that geopotential model to the local gravity field, 
causing larger residual long wavelengths to be present prior to FFT 
transformation. Similarly, the overlap error is so small for NT  because only high 
frequencies are present in this case. 
Where 4 estimates of geoid heights are available it is easy to obtain an accurate 
picture of the true undulation and form a reasonable idea of the magnitude of 
the discrepancy between them. In areas of overlap where only two height 
estimates exist or in regions with only a single value, the final result will be 
correspondingly worse. However, in the worst case, overlapping segments for 
adjusted blocks computed relative to OSU86E disagree by little more than 1cm 
along the profile furthest from nearest edge of each of the two overlapping 
arrays. This is well within the acceptable level of accuracy. For final map 
compilation, a weighting function was used (fig. 6.6). When combining 2 arrays, 
points further from the edge of one array were given more weighting than 
equivalent points which were nearer the edge of the other array. As overlap 
errors are small, this operation simply facilitates the production of smooth 
contours when the map is plotted and introduces negligible errors. 
63 Geoid Solutions and Comparison 
63.1 Solutions 
The Bouguer cogeoids computed relative to GPM2 and OSU86E are shown in 
figs. 6.7a and b respectively. The topographic component (fig. 6.8) was added and 
the long wavelength trend restored according to eq 6.6. NOSUE (fig. 6.9) refers 
to the absolute geoid computed using the geopotential model OSU86E to provide 
the low frequency part of the spectrum; NGPM2 refers to the absolute geoid 
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Fig. 6.6 Weighting function F for combining geoid heights 





Fig. 8.7a Bouguer cogeoid, relative to GPM2 
contour interval 0.2m 
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Fig. 6.7b Bouguer cogeoid, relative to OSU86E 
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Fig. 6.8 Contribution of the short wavelength topographic component 
to the geoid 
contour interval 0.05m 
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Fig. 6.9 Absolute geoid NOSUE 
(0.5m contour interval) 
6.5.2 Comparison 
Figs. 6.10a and b illustrate the difference between the two absolute geoids and 
the difference between geoid heights computed directly from the geopotential 
models. In fig. 6.10b features of wavelengths between degrees 200 and 360 
(X = 100-200km), including the large error in GPM2 over the Netherlands, can be 
seen. Fig. 6.10a shows that the inclusion of local gravity data has accounted for 
all degrees between n=200-360 and has even corrected for the Dutch error in 
GPM2. Only a very long wavelength trend remains (< degree 36) representing 
the effect of low frequency discrepancies between the models on the Fourier 
transformation. The inclusion of local gravity data using this method, correcting 
for high and middle degree errors in the geopotential models, means that the 
high degree harmonics in the spherical harmonic expansion become redundant. 
We have seen previously that it is wise not to truncate the coefficients below 
degree 200. Considering the large errors on higher order coefficients and the 
success shown here of combining local data with information from the 
geopotential models, it is unnecessary to use expansions above degree and order 
200. 
6.5.3 Summary 
The two FFT geoids, NGPM2 and NOSUE, differ only by very long wavelength 
features, of the order of up to 50cm over 500km. The local gravity data can 
provide no constraint on trends which result from wavelengths longer than the 
sides of the data rectangle. Very long wavelength errors in the spherical harmonic 
models remain in the final computed geoid. In comparing the differences 
between absolute FFT geoids, we see the very long wavelength differences 
between geopotential models. For wavelengths shorter than the dimensions of the 
data rectangle, the introduction of local data replaces the contribution of the 
geopotential models. Not only does this mean that any medium-short wavelength 
errors in the global gravity models are corrected but also that no discrepancy in 
absolute solutions exists in this wavelength range. 
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Fig. 6.10a Difference between absolute geoids NOSUE and NGPM2 
contour interval Dim 
re d contours positive, blue contours negative 
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Fig. 8.10b Difference between global potential model geoids 
OSU86E and GPM2 
contour interval 0.05m 
red contours positive, blue contours negative 
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6.6 Assessment of the Modified Method for Geoid Computations 
The main advantage in integrating the Bouguer potential and topographic 
potential separately is that gravity measurements are required on a less dense 
network than topographic heights because the Bouguer anomaly function is much 
smoother than the gravity effect due to the topography. This could reduce the 
density of gravity survey required in areas of sparse data coverage. Topographic 
heights are easily readable from contour maps. 
To test this assumption, geoid heights for the Bouguer cogeoid component, NB, 
were generated from gravity anomalies initially taken on the usual 2km grid then 
in mean blocks of 4km, 8km and 16km, over the southwesterly square of the data 
region (x100-798km, y0-698km). Fig. 6.11 shows 700km profiles across the 
centre of the array (y350km). A spectral analysis of each resultant array can be 
seen in fig. 6.12. 
When the grid spacing is increased two things happen to wavelengths comparable 
with or less than twice the sampling interval: 
The sampling fails to resolve short wavelength features (resolution). 
These short wavelength features may reappear as spurious long wavelength 
trends (aliasing). 
Neglecting any long wavelength leakage effects, which will vary depending on the 
dimensions of the array, profiles in fig. 6.11 show a reduction in the amplitude of 
geoid undulations as the grid spacing increases. These results show a reduction in 
resolution for wavelengths between about 6 and 3 times the wavelength 
corresponding to the Nyquist frequency. From fig. 6.12 it can be seen that the 
spectra agree in the wavelengths longer than about twice the Nyquist wavelength. 
This is a more optimistic conclusion than the rough estimate from fig. 6.11. The 
power loss at higher frequencies illustrates the resolution loss seen in the profiles 
of fig. 6.11. 
There is no conclusive evidence of severe aliasing in fig. 6.12. Even though 
aliasing is a problem when any continuous physical quantity is sampled discretely 
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Fig. 6.11 Bouguer cogeoid profiles along grid ccr\5 	350km for 
grid spacing 2,4,8 and 16km 
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Fig. 6.12 Spectral ana1ysisbouguer cogeoids computed using grid spacing 
2,4,8 and 16km 
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Fig. 6.13 Plot of the weighting function in the space domain for grid spacing 





4km grid spacing 
and there is no way aliasing effects can be completely removed from 
non-band-limited signals, it does not appear to be a problem in this case, even 
for a grid spacing as large as 16km. 
The reason for the increase in smoothing with widening grid spacing can be seen 
from fig. 6.13, the 1/k operator in the space domain when applied to differing 
grid sizes. The half width of the operator is proportional to the grid spacing. With 
a larger grid spacing the operator converges more slowly, resulting in a 
smoothing of the resultant data. 
In conclusion, because the width of the 1/k operator increases with grid spacing, 
significant smoothing results for only small changes in the spacing. To work to 
the upmost precision, Bouguer anomalies must be on the densest possible grid. A 
grid spacing of greater than 4km can cause errors in the cogeoid of greater than 
10cm. Thus the main reason for integrating the two components separately seems 
invalid. 
It is computationally easier to integrate the Bouguer anomaly and topographic 
gravity model together. The sum of the gravity anomalies due to the topographic 
potential and the Bouguer gravity anomalies, with long wavelength gravity 
anomalies due to the geopotential model OSU86E removed, is stored on the 
usual 2km grid in the file DETFREEAIR. This type of terrain-corrected free air 
anomaly was used in the computation of geoid heights using Stokes' integral in 
the next chapter. 
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Chapter 7 
Geoid Computations using Stokes' Formula 
7.1 Practical Evaluation of Stokes' Integral 
Stokes' integral (eq 2.13) is classically evaluated by numerical integration. 
Surface elements are represented in small finite compartments, usually over some 
spherical cap °o of radius i4j. The neglect of the zones outside this cap is 
discussed in section 7.2. The mean gravity anomaly in each compartment is 
weighted by an estimate of Stokes' function over that compartment and the 
results summed for every compartment to obtain a geoid height. The accuracy of 
the estimate of Ag and S() over the compartment will greatly influence the 
accuracy of the final result. 
In practice, we compute 
N = Ek CAg (7.1) 
where k is the compartment index and Ag is the mean gravity over the 
compartment. 
The coefficients 
Ck = RI(41Ty) .flqk S(4)da (7.2) 
are obtained by integration over the compartment q  .da is a surface element. 
Eq. 7.2 becomes especially easy to evaluate when working in a polar coordinate 
system. Much of the derivation given below is from H+M p119 and 
Kearsley( 1986a). 
In polar coordinates eq. 7.2 becomes 
Ck = RJ(47Ty) sfli S(4)sin4,d4,dct 
= R(a2-i)/(41r1) f 	S(4,)sin4,dR (7.3) 
The function 
J(R') = J78S(4,)sinipd4J = j 'F(4,)d4, (7.4) 
was evaluated by Lambert and Darling (1936). On series expansion and 
collection of terms of equal power in 4, ,J(4,)  becomes 
J(4,') = 24, '5/44, ,2 - 1O/124i '-3/24, ' 2 1n(4, '/2 + 4, 2/44, '/24) (7.5) 
Ck can finally be given as 
CK = R(ct2-ct1)/(47Ty) [J(4,2)-J(4'1)] (7.6) 
This is the basis of the program STOKES, which was written in the course of this 
project specifically to evaluate Stokes' formula. The elegance of this solution is 
that it sidesteps the problem of estimating Stokes' function at the computation 
point. As can be seen from fig.7.1 S(4,)  tends to infinity as 4, becomes close to 
zero. By replacing S(4,) with F(4,) the integrating kernel becomes better behaved 
and easier to evaluate numerically. At the computation point Ck  is simply 
Co = R/(2y) J(4,'0) (7.7) 
where, 	is the radius of the innermost compartment. This offsets the 
inconvenience of working in polar coordinates, even though, in our case, the data 










Fig. 7.1 Stokes' function S() and 1/2F()( 11'2sinS(4)) 
(from 1-1 + M 1967) 
9.00 ±25m Wo ±14m 
13.5° 21 90° 	 II 
18.0° 18 135° 8 
30° 14 180° 	 0 
Table 7.1 RMS influence of the zone beyond the radius 40 on geoidal height N 
(from H + M 1967) 
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72 The Outer Zones 
Stokes' integral requires gravity data be extended over the whole earth. As this is 
impractical, the integral is split into two components - that due to the inner zone 
a0 and that due to the zone outside the inner cap a-a 0 . Fable 7.1 gives an 
estimate of the magnitude of the contribution of the outer zones beyond a cap 
radius . In most cases so it is necessary to in some way estimate the 
outer zone contribution. In all the following cases, it is assumed that beyond the 
cap real gravity can be replaced by some spherical harmonic gravity model 
Ag = 4=2 Ag (7.8) 
7.2.1 Molodensky's Truncation Theory 
Molodensky (1962b) showed that the contribution to the geoid from the remote 
zones could be computed from 
Na_a = RI(2y) E =2 QAg (7.9)nn 
where Molodensky's truncation coefficients are 
Qn  = J S(iP)P(cosiR)sin1Rd4 (7.10) 
The computation of these coefficients is mathematically cumbersome. Hagiwara 
(1976) and Pishchukina(1987) summarize the best methods to date. 
7.2.2 Rapp and Ruminel's Residual Anomalies Method 
Rapp and Rummel (1975) suggested a method of incorporating the harmonic 
coefficients from a spherical harmonic model directly into the split Stokes' 
integral. The effect of the coefficients is first removed from the gravity anomaly 
data. The integral of the residual gravity anomalies is then added to the 
contribution of the spherical model to the geoid undulation. 
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N = RJ(47TY) ISa (Ag-Ag)S(1P)da + NGGM (7.11) 
This method has been widely used to compute geoid heights eg Kearsley (1986a, 
1988), Merry and Van Gysen (1987), Forsberg and Kearsley (1989). It is also the 
basis of the detrend-retrend method using FFTs, described in the previous 
chapter. 
7.23 Modification of Stokes' Function 
Stokes' function can be modified so as to reduce the errors when the methods 
outlined in sections 7.2.1 and 7.2.2 are applied to account for the contribution of 
the outer zones (Jekeli 1980). The aim of such modifications is to make the 
function converge more rapidly. This diminishes the effect of distant zones which 
are then dealt with by a global gravity model. The method of Wong and Gore 
(1969) is to suppress low degrees in the spherical harmonic form of Stokes' 
function up to some degree 1. 
N N = R(4'') IIM) E =11(2n+1)/(n1) p (cos)da + NGGM (7.12) 
Heck(1982) shows that errors are a minimum when the first zero crossing point 
of the modified Stokes' kernel lies on the radius lRcj of the integration cap. Using 
Wong & Gore's method, either the radius of the cap can be altered to coincide 
with the minimum of the truncated function or some degree 1 found by trial and 
error until the truncated function is zero at some specified cap radius. Meissi 
(1971) described a modification that is much simpler to apply. The zero crossing 
of Stokes' function is forced by subtracting the value of the function S(i0) at the 
edge of the cap from S()). 
N = R/(47Ty) ISa g(S(4i)-S(0))da + NGGM  (7.13) 
In effect, when ip is small (<30),  each modification yields a very similar kernel 
function as fig. 7.2 illustrates. Here ipo = 200km and Stokes' function has been 
truncated at degree 34. Meissl's modification is a very close approximation to the 
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Fig. 7.2 Stokes' function for a 200km radius cap after Meissi's modification and 
Wong and Gore's modification. For the latter, S() was truncated at degree 34 
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Fig. 7.3 Definition of compartment P k  relative to computation point PC 
in polar coordinates 
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best version of Wong and Gore's method. 
73 The Program STOKES 
The program was initially conceived as performing the ring integration method 
using the same algorithms as described by Kearsley (1986a) and outlined in 
section 7.1. Kearsley divided the inner cap into a pattern of compartments, 
bounded by rings concentric to the computation point and by lines radiating 
from this point. This necessitates computing the mean gravity anomaly for each 
compartment for each computation point. This is computationally inefficient. 
With excellent data coverage on a 2km grid over the whole 900x1000km region, it 
was found to be more efficient to use a constant sized element, whose area was 
the smallest possible for the given resolution, so that every compartment had the 
same mean for each computation point. Since the mean gravity anomaly is 
predetermined computation time is reduced. This is offset slightly by the 
increased number of compartments. Because S() is a quickly changing function 
when ip is small, it is important that 6 over a compartment is small. By 
minimising the size of compartments, the errors due to estimating the mean 
anomaly and S(*)  over the compartments are minimised. Each compartment has 
segment width 2km and area 4km. The position of the corner of each 
compartment is computed in polar coordinates (fig. 7.3) and J(4'1),J(4'2) and Ck 
calculated from eqs 7.5 and 7.6. These are multiplied by the gravity anomaly at 
that point and summed to produced a final result. 
A full FORTRAN listing can be found in appendix 2. The program, whilst 
specifically designed to compute geoid heights from Rapp and Rummel's residual 
anomalies method, also has a option to invoke Meissi's modification of the 
integration kernel. 
7.4 The Effect of Long Wavelength Residuals on Stokes' Formula 
Geoid heights were generated using the program STOKES for terrain corrected 
free air anomalies, detrended as in section 7.2.3 by subtracting the spherical 
harmonic model OSU86E. Kearsley (1988) noted some discrepancy between 
results when different cap sizes were used in conjunction with spherical harmonic 
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expansions to varying degrees. As an experiment, geoid heights were generated at 
the same points but using differing cap radii. Examples from two points are 
illustrated in fig. 7.4. The results for different cap sizes show no signs of stability 
and oscillate wildly. 
The reason for the unstable nature of the results as a function of cap size can be 
understood by considering the mean value of gravity over the cap as the cap size 
is increased. If we integrate over a cap radius 4i0, we assume that the 
contributions of all zones outside i4tj have been dealt with elsewhere, namely by a 
spherical harmonic model. If we then increase the cap radius by some distance 
we would then see the effect on our initial result of neglecting that zone. If 
the spherical harmonic model was perfect and all harmonics up to degree n were 
removed then there would be no contribution from zones >360/n - the mean 
values of Ag and hence the contribution to the geoid would be zero in these 
zones. In zones 0<4k <360/n the mean value would converge towards zero with 
increasing p. The resulting value for the geoid height would converge to a stable 
value when ip o  = 360/n. The spherical harmonic model is not perfect, however. 
The mean value of gravity in the outer zones will not be zero. The spherical cap 
method assumes that by integrating out to a cap of sufficient size, the 
corresponding contribution of the outer zones will be negligible and the result 
will stabilise. Fig. 7.5 shows this argument to be flawed. Even out to 
(400km, n= 100) the mean residual gravity anomalies of increasingly large 
concentric rings are non-zero and show no signs of convergence. The 
geopotential model leaves too many low frequencies in the local data after 
detrending to cause the gravity function to converge; the unmodified form of 
Stokes' function converges too slowly to provide a stable solution. 
The same test was performed applying Meissl's modification to the Rapp and 
Rummel residual method. 
N = R1(47Ty) ISa (A g-) (S(4)-S(0))da  + NGGM (7.14) 
The equivalent results of figure 7.4 are shown in fig. 7.6. Meissl's modification 
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Fig. 7.4 Geoid heights relative to OSUSoE, computed using Stokes' integral, 
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Fig. 7.6 Geoid heights relative to OSU86E, computed using Stokes' integral 
modified by Meissi's method, plotted as a function of cap radius 
for selected points 
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capsize is eradicated, the only effect being a downward slope on the line as the 
capsize increases. Whilst errors have to some extent been minimised they have 
not been removed completely. The results do seem to converge towards a stable 
value with capsize. Comparing results with the best FFT geoid (figs. 7.7), 
ignoring any very long wavelength trends, the standard deviation of differences 
before modification was in the order of 10cm, afterwards it is reduced to less 
than 2cm. This is borne out by the smoothness of the modified line in fig. 7.7. 
73 Discussion 
Long wavelengths present in the local gravity cause the solution of Stokes' 
formula to be non-convergent. Suppressing the longer wavelengths by subtracting 
a high order geopotential model is an inadequate method of solving the 
convergence problem, given the inaccuracy in the long wavelengths of recent 
geopotential models. Even though Stokes' method has been widely used in 
classical computations of geoid heights, results here suggest that alone it 
generates unstable results and it is necessary to modify Stokes' function to obtain 
a stable solution. 
From the two modifications described, it is generally agreed that setting the first 
zero of S() to be at , the edge of the cap, produces the optimum reduction in 
errors. When this condition is satisfied the functions after each modification are 
virtually identical. Heck and Gruninger's (1987) suggestion of combining the two 
seems irrelevant in this instance. The modifications suppress wavelengths longer 
than degree 34 for a 200km cap showing that it is these low frequency features 
causing the results to be unstable. 
Resolution (section 6.6) is also a problem using Stokes' integral. Fig. 7.8 shows 
results for the profile y500km between x300-500km, using gridded means of 
2,4 and 8 km spacing. The effect of altering the grid size results in smoothing in 
much the same way as the FFT and it is advisable to use the smallest grid spacing 
available. 
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Fig. 7.7 Difference between geoid heights relative to OSU86E, 
along the profile y500km for FFT and unmodified Stokes solutions 
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Fig. 7.8 Geoid heights relative to OSLJ86E computed using grid spacing 








7.6 Final Results 
Profiles were generated by inserting terrain corrected free air anomalies 
detrended by either OSU86E or GPM2 into the version of the program STOKES 
incorporating Meissi's modification. Using a cap radius of 200km and a 450x500 
point input array, computation time is —40 seconds per point. This compares 
with 0.0005 seconds per point for the FFT method. Computing at a spacing of 
20km, each profile takes over 15 minutes Cpu time to complete. As a result of the 
excessive amount of time required, only 6 profiles were generated for each geoid 
relative to either geopotential model, along profiles y = 250,500,750km, 
x=350,550,750km. Representative profiles for y 500 are illustrated in figs. 7.9a 
and b. Fig. 7.9a shows the absolute geoid heights. Their residual can be seen in 
fig. 7.9b. 
As seen in the FFT geoid solutions, the Stokes' solutions differ only by a very 
long wavelength trend. After the removal of a least squares plane the rms 
residual height is 0.8cm. The trend here is —20cm/500km. Again, we are 
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Fig. 7.9a Absolute geoid heights for solutions NOSUE and NGPM2 along 
profile v=500km 
Fig. 7.9b Residual heights NOSUE-NGPM2 along profile y500kiU 
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Chapter 8 
Accuracy of Gravimetric Geoid Solutions 
8.1 Introduction 
The previous two chapters have described the formulation and computation of 
geoid solutions using FFT and Stokes techniques. This chapter compares results 
from the two methods and assesses the merits of each in the context of the type 
of data set used in this study. Section 8.3 analyses the accuracy of the gravimetric 
geoids in relation to independent external results. Section 8.4 discusses error 
sources and gives a final estimate of the precision of the best gravimetric geoids. 
8.2 Comparison of FFT and Stokes' results 
Figs. 8.1a and b show residual plots of geoid heights computed using Stokes' 
formula subtracted from those computed using the FFT method, for selected 
representative profiles. Discrepancies consist of a very long wavelength 
component and a small high frequency oscillation. 
geoid 	rms diff after detrending 	trend (cm/lOOkm) 
(cm) 	 x 	 y 
NOSUE 	 0.75±0.20 	 0.66±0.44 	-2.05±0.42 
NGPM2 	 1.95±1.50 	 1.60±0.43 	1.43±0.60 
Table 8.1 Differences between geoid heights computed using Stokes and FFT methods 
using the same reference fields. Mean values over the 6 profiles referred to 
in section 7.6 
After removing the long wavelength trend, the two methods differ by an rms 
value of only 0.75cm for geoids computed using OSU86E to provide the 
reference field and 1.95cm for those computed using GPM2 (table 8.1). In the 
absence of low frequency residuals in the detrended gravity data set both 
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Fig. 8.1a Residuals between geoids computed by FFT and Stokes methods 
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using OSUBOE as the reference field 
Fig. 8.Ib Residuals between geoids computed by FFT and Stokes methods 
using GPM2 as a reference field 
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present in the input data each algorithm has a slightly different response to them. 
Figs. 8.1a and b represent a combination of errors in the FFT solution caused by 
long wavelength residuals and similar errors in Stokes' solution. It is impossible 
to quantify the magnitude of these errors separately. 
The Fourier transform method and Stokes' integration method have been 
applied to identical data sets. Solutions from each method will contain the same 
systematic errors. Both methods show a similar long wavelength discrepancy 
between solutions computed using different geopotential models to provide the 
long wavelength portion of the field (chapters 5 and 6). The resultant solutions 
show neither method to be mathematically better than the other. What is shown 
here is that the FFT method computes the result to the same level of accuracy as 
the classical method. Because the Fourier method is much faster than the 
classical numerical integration method (section 7.6) and using it causes no 
appreciable loss of accuracy, it can be said to be greatly superior for local geoid 
computations; the superiority is even more evident if the data are available on a 
square, regular grid. 
8.3 Comparison with External Results 
Both solutions, computed by the methods described previously, contain similar 
systematic errors, such as that caused by the indirect effect. It is important to 
compare solutions with independent external results. It has become standard 
practice in recent years to compare computed gravimetric geoid heights with 
those derived independently from a combination of GPS observations and 
orthometric levelling (eg Engelis, Rapp and Tscherning 1984). Comparisons with 
relative geoid heights, supplied by Nottingham University and derived from GPS 
observations in three separate areas are presented in section 8.3.1. Further 
comparisons with GPS stations, presented in the context of the 
Edinburgh-Nottingham tide gauge project can be found in section 8.3.4. In 
section 8.3.2, our solutions are compared with a recent gravimetric geoid 
computed by Torge et at (1983) whilst section 8.3.3 shows results along 3 
SEASAT sea elevation profiles in the North Sea which can help define the 
absolute datum for final geoid solutions. 
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8.3.1 Comparison with GPS Results 
A set of GPS measurements for 3 areas of the British Isles, representing different 
types of topography, was surveyed by the IESSG, Nottingham (S. Gerrard, pers. 
comm. 1989). These were combined with levelled heights to produce geoid 
height differences between stations. The position of the eight stations in each 
survey scheme is shown in fig. 8.2. The 3 sets of GPS measurements are 
unconnected. The longest baseline is about 50km so comparisons with these 
GPS-derived results are only assessing the high frequency range of geoid models. 
The British National Grid coordinates of the stations and their associated 
absolute gravimetric geoid heights, computed using FFT and Stokes' methods 
and using geopotential models OSU86E and GPM2 to provide the long 
wavelength component of the field, are given in table 8.2. Table 8.3 gives relative 
geoid height differences for the GPS/levelled measurements and the gravimetric 
geoid solutions. Table 8.4a shows the differences between the gravimetric geoid 
relative heights and the GPS-derived relative heights. It is evident from table 8.4a 
that in North Wales there is a datum shift between stations 1 and 2 and stations 
3-8 of around 40cm. In East Anglia, stations 18 and 22 disagree with the other 
GPS stations by about ± 30cm. At the time of writing, processing of GPS data at 
Nottingham was incomplete. The GPS-derived relative heights presented here 
are preliminary results and must be treated with caution. For this reason, stations 
1,2,18 and 22 were omitted from the statistical analysis in table 8.4b. 
In table 8.4b it can be seen that the mean difference between gravimetric geoid 
and GPS-derived relative heights over the remaining stations is in the order of 
2-3cm. More significant is the scatter on the differences which is in the order of 
12cm in North Wales, 6cm in Derbyshire and 4cm in East Anglia. The magnitude 
of the standard deviation depends on the type of terrain. Comparison in 
mountainous regions could be expected to be worse than in flat areas because 
our gravimetric geoids neglect both the indirect effect and the small downward 
continuation contribution. The GPS-derived geoid heights also contain features 
in the potential attributable to frequencies of less than the Nyquist frequency 
which will be a greater source of discrepancy in rugged areas rather than flat 
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Fig. 8.2 Location of !ESSG GPS stations 
FFT Stokes 
station no. easting northing OSU86E GPM2 OSU86E GPM2 
North Wales 
1 275.441 377.506 55.415 55.495 55.423 55.425 
2 306.380 380.280 54.572 54.625 54.579 54.564 
3 325.559 352.895 54.306 54.367 54.321 54.311 
4 270.988 335.020 55.661 55.779 55.664 55.692 
5 309.785 360.809 54.730 54.796 54.743 54.734 
6 290.352 355.239 55.530 55.617 55.543 55.545 
7 299.002 363.840 55.140 55.211 55.153 55.147 
8 303.953 343.542 55.087 55.170 55.099 55.097 
Derbyshire 
9 394.638 374.446 52.234 52.236 52.255 52.216 
10 430.657 358.890 51.152 51.138 51.187 51.136 
11 436.351 324.257 50.574 50.568 50.609 50.557 
12 394.520 328.907 51.908 51.931 51.932 51.909 
13 398.339 353.909 52.118 52.128 52.141 52.110 
14 414.618 363.708 51.869 51.863 51.897 51.853 
15 395.522 342.098 52.052 52.067 52.074 52.047 
16 416.866 346.007 51.551 51.549 51.581 51.538 
East Anglia 
17 610.954 248.673 46.410 46.233 46.504 46.335 
18 554.083 272.273 47.231 47.116 47.321 47.180 
19 574.623 246.406 46.921 46.786 47.012 46.858 
20 599.522 284.338 46.643 46.479 46.734 46.583 
21 601.056 262.194 46.617 46.451 46.710 46.550 
22 582.199 260.072 46.882 46.736 46.974 46.819 
23 583.447 267.377 46.880 46.731 46.972 46.818 
24 598.129 275.294 46.670 46.507 46.762 46.607 
Table 8.2 Coordinates of Nottingham GPS stations in North Wales, Derbyshire 
and East Anglia and absolute gravimetric geoid heights at these stations for 
solutions computed using different methods and different reference fields 
station coordinates in km, geoid heights in metres 
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FFT Stokes 
line GPS NOSUE NGPM2 NOSUE NGPM2 
North Wales 
1-2 0.915 0.844 0.870 0.844 0.861 
1-3 1.607 1.110 1.129 1.102 1.114 
1-4 0.394 -0.245 -0.283 -0.240 -0.267 
1-5 1.042 0.685 0.699 0.680 0.691 
1-6 0.258 -0.115 -0.122 -0.119 -0.120 
1-7 0.672 0.275 0.284 0.270 0.278 
1-8 0.899 0.328 0.326 0.325 0.328 
Derbyshire 
9-10 1.022 1.082 1.098 1.068 1.079 
9-11 1.658 1.660 1.668 1.646 1.658 
9-12 0.427 0.326 0.305 0.323 0.306 
9-13 0.190 0.116 0.108 0.113 0.106 
9-14 0.343 0.365 0.373 0.358 0.363 
9-15 0.270 0.182 0.169 0.180 0.168 
9-16 0.724 0.682 0.687 0.674 0.677 
East Anglia 
17-18 -1.106 -0.821 -0.883 -0.817 -0.845 
17-19 -0.587 -0.511 -0.553 -0.508 -0.524 
17-20 -0.188 -0.233 -0.246 -0.231 -0.248 
17-21 -0.254 -0.207 -0.219 -0.206 -0.215 
17-22 -0.178 -0.472 -0.503 -0.470 -0.484 
17-23 -0.525 -0.470 -0.499 -0.468 -0.483 
17-24 -0.272 -0.260 -0.274 -0.258 -0.272 
Table 8.3 Relative geoid heights for OPS and gravimetrically 
derived solutions 
(all heights in metres) 
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FFT Stokes 
line NOSUE NGPM2 NOSUE NGPM2 
North Wales 
1-2 0.071 0.045 0.07L 0.054 
1-3 0.497 0.478 0.505 0.493 
1-4 0.640 0.678 0.634 0.661 
1-5 0.357 0.343 0.362 0.351 
1-6 0.373 0.380 0.377 0.378 
1-7 0.397 0.388 0.402 0.394 
1-8 0.571 0.573 0.574 0.571 
Derbyshire 
9-10 -0.060 -0.076 -0.046 -0.057 
9-11 -0.002 -0.010 0.012 -0.001 
9-12 0.101 0.122 0.104 0.121 
9-13 0.074 0.082 0.077 0.084 
9-14 -0.022 -0.030 -0.015 -0.020 
9-15 0.088 0.101 0.090 0.102 
9-16 0.042 0.037 0.050 0.047 
East Anglia 
17-18 -0.285 -0.223 -0.289 -0.261 
17-19 -0.076 -0.034 -0.079 -0.063 
17-20 0.045 0.058 0.043 0.060 
17-21 -0.047 -0.035 -0.048 -0.039 
17-22 0.294 0.325 0.292 0.306 
17-23 -0.055 -0.026 -0.057 -0.042 
17-24 -0.012 0.002 -0.014 0.000 
Table 8.4a Difference between GPS-derived relative geoid heights and 
relative geoid heights for each gravirnetric solution 
(heights in metres) 
geoid method North Wales 1 Derbyshire 	East Anglia- 
NOSUE 	FFT 	0.029±0.115 	0.032±0.056 -0.029±0.042 
NGPM2 	FFT 	0.045±0.123 	0.032±0.068 -0.007±0.035 
NOSUE STOKES 0.035±0.112 	0.039±0.052 -0.031±0.042 
NGPM2 STOKES 0.022±0.122 	0.039±0.062 -0.017±0.044 
1 neglecting stations 1,2 
2 neglecting stations 18,22 
Table 8.4b Mean difference and standard deviation of GPS-derived 
and gravimetrically derived residuals 
(units in metres) 
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magnitude of the indirect effect estimated in section 6.2 and suggests it may be 
smaller than originally anticipated. The topographic influence in East Anglia will 
be minimal so the 4cm error there can be looked upon as an estimated upper 
limit to the absolute error in the gravimetric geoid solutions in the short 
wavelength range, assuming negligible errors in the GPS solutions. In practice, a 
significant part of this figure may be attributable to errors in the GPS/levelling 
method. 
Additionally, geoid heights derived from the Edinburgh gravity data bank are 
being computed at Nottingham by least squares collocation for each GPS site. To 
date, only relative geoid heights for East Anglia are available (Dodson & Gerrard 
1989). These are shown in table 8.5, compared with FFT gravimetric geoid 
results. The gravimetric methods agree to better than 1.5cm. It is encouraging 
that all 3 gravimetric techniques agree to a high degree of precision. This 
agreement also reinforces the assumption that the GPS value for station 18 may 
be in error. 
line dNgrav dNcol dNgrav-dNcol 
18-19 0.310 0.287 0.023 
18-20 0.588 0.578 0.010 
18-21 0.614 0.587 0.027 
18-24 -0.561 0.548 0.013 
19-20 0.278 0.291 -0.013 
19-21 0.304 0.300 0.004 
19-24 0.251 0.261 -0.010 
20-21 0.026 0.009 0.017 
20-23 -0.237 -0.235 0.002 
20-24 -0.027 -0.030 0.003 
21-23 -0.263 -0.244 -0.019 
21-24 -0.053 -0.039 -0.014 
23-24 0.210 0.205 0.005 
All values in metres 
Table 8.5 Comparison of relative geoid heights in East Anglia computed by LSC (dNcol) 
and by FFT (dNgrav) 
Both methods use OSU86E as a reference field 
132 
832 Comparison with EGG1 
The European Gravimetric Geoid (EGG 1) was computed at the University of 
Hannover by Torge et a! (1983). The geoid was computed on a 12'x20' grid in the 
area 300  <4) <73 0 ,-300 <X <46 ° by a combination of the spherical harmonic 
model GEM9 (Lerch et at 1979), complete to degree and order 20, 11893 mean 
free air gravity anomalies in 1 ° xl ° blocks and 103997 mean free air gravity 
anomalies in 6'xlO' blocks. The geoid is computed relative to GRS80. For 
comparison, the 12'x20' point heights were interpolated onto the usual 
900x1000km 2km grid. 
The residual NOSUE-EGG1 is illustrated in fig. 8.3. EGG1 represents the highest 
resolution geoid available to date for the British Isles and the North Sea yet it 
can be seen that considerably higher resolution has been achieved with NOSUE, 
particularly in land regions of rough terrain. In the eastern North Sea, where 
data coverage from the Edinburgh data bank is less good, it is impossible to say 
whether the differences in the two solutions are caused by the interpolation of 
data from sparsely spaced ship tracks to too small a grid spacing or are 
deficiencies in the EGGI solution. The EGGI solution is approximately lm 
below our solutions. This datum difference can mainly be accounted for by the 
difference in equatorial radius, a, of the GRS80 reference ellipsoid and that on 
which the 0SU86 models were computed, which is in the order of about im 
(section 4.4.1). 
8.3.3 Comparison with SEASAT Profiles 
3 SEASAT repeat groundtracks exist in the North Sea (fig. 8.4). Instantaneous 
sea surface heights for the repeat tracks from the SEASAT altimeter data are 
shown in figs. 8.5a,b and c (after Oskam 1990), together with gravimetric geoid 
heights from NOSUE, computed using the FFT method, along the same profiles. 
From the figures, it can be seen that the gravimetric geoids are systematically 
several metres above the mean sea height computed from altimeter data. This 
can partially be accounted for by the difference in reference ellipsoid between 
GRS80 and the OSU reference field but seems to be greater than the im implied 
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Fig. 8.4 Position of SEASAT repeat groundtracks in the North Sea 




















LAT 	54.7 	55.8 	57.0 	58.1 	59.2 	60.3 
LON 7.0 5.7 4.2 2.6 1.0 359.2 







UT 57.8 	55.7 	55.8 	54.9 	54.0 	53.1 
LOU 	5.3 5.1 4.0 2.9 1.9 0.9 















LAT 51.0 	60.3 	59.7 	59.0 	58.4 	57.8 
LOU 	3.3 2.2 1.1 0.1 359.2 358.2 
Fig. 8.5c line 70 
Fig. 8.5 Instantaneous sea surface heights for repeat SEASAT altimeter 
tracks and the same profile from NOSUE 
(after Oskam 1990) 
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by this discrepancy. SEASAT altimeter data is not free from systematic errors, 
however, with errors in orbital determination of 1.4m (Tapley et al 1982). 
Identical short wavelength features are resolved by gravimetric and SEASAT 
solutions, most noticably on line 72 (fig. 8.5b), confirming that the gravimetric 
geoids are resolving such features to a high degree of precision. 
8.3.4 Results from the Edinburgh-Nottingham Tide Gauge Project 
Long wavelength errors exist in gravimetric geoid solutions. By comparing 
solutions it is only possible to detect relative differences between them. To 
estimate the absolute magnitude of long wavelength errors introduced by the 
computation of geoid heights from gravity anomalies, independent measurements 
are required along very long base lines. Results from the Edinburgh-Nottingham 
Tide Gauge Project from GPS stations down the east coast of Britain, ranging 
from Leith to Lowestoft, have been used in an attempt to constrain gravimetric 
geoid solutions in the longer wavelength range. 
GPS stations from the Tide Gauge Project are situated at Leith, North Shields, 
Whitby, Immingham and Lowestoft. Each station has been connected to a nearby 
tide gauge bench mark (TGBM) by first order geodetic levelling by the Ordnance 
Survey. The height of mean sea level relative to the TGBM has been stated by 
Basker (1990). Therefore, the height of the GPS station relative to local mean sea 
level is available. Unlike the nationwide levelling network where systematic 
errors appear to have accumulated over large distances, the very short distances 
involved between the TGBM and the GPS station will ensure that these absolute 
heights are extremely accurate. 
Absolute geoid heights have been interpolated from the FFT geoid solution 
NOSUE at each GPS station. It is only possible to compute ellipsoidal height 
differences from GPS so a combination of GPS observations and the gravimetric 
geoid computes the difference in the height of GPS stations above the geoid. 
By directly comparing differences computed from GPS/gravimetric geoid derived 
heights and heights derived from 1st order geodetic levelling it is assumed that 
any slope on mean sea level itself is negligible as supported by oceanographic 
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evidence (section 1.2). Any trends seen would be relative to such a slope, if it 
existed. Although the aim of the Tide Gauge Project is to verify or disprove the 
presence of such a slope, in the context of testing the validity of the gravimetric 
geoid, it seems not unreasonable to assume that the oceanographic model is 
correct. 
Table 8.6 shows height differences between adjacent GPS stations and also the 
height difference between Leith and Lowestoft, for GPS-derived heights and 
heights derived from 1st order levelling. The difference between the two methods 
is shown in column 4, the length of the baseline and the trend per 100km as 
implied by the differences between the two methods in columns 5 and 6 
respectively. The GPS results are derived from those presented by Basker (1990). 
from to GPS(m) geodetic(m) dh(cm) baseline(km) slope(cm/lOOkm) 
LEI NSH 1.595 1.663 -6.8 155.8 -4.4 
NSH Will -2.618 -2.609 -0.9 77.7 -1.2 
Will 1MM -0.903 -0.610 -29.3 99.7 -29.4 
1MM LOW -5.010 -5.373 36.3 183.8 19.7 
LEI 	LOW 	-6.936 	-6.929 	0.7 	517.0 	 -0.1 
Table 8.6 Comparison of GPS/gravimetric geoid derived height differences 
and height differences derived from first order geodetic levelling 
A negative height means the south southern station is lower relative to the 
northern station. 
Several points must be made about table 8.6: 
1. The two height differences between Whitby, Immingham and Lowestoft appear 
highly suspect. In the short wavelength range, earlier comparisons with GPS 
results (section 8.3.1) showed gravimetric geoid solutions to be in good agreement 
even in regions of rugged terrain. The sudden increase in error between Whitby 
and Immingham, absent from height differences further north, suggests that the 
GPS observation at Immingham is incorrect. Repeat GPS observations were 
carried out in January 1990 but results are, as yet, unavailable. 
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Between Leith and North Shields the slope is -4.4cmIlOOkm and between 
North Shields and Whitby -1.2cmJlOOkm. The trend difference between geoids 
computed using different geopotential models is less than lcmJlOOkm in this 
region along the direction of the profile (fig. 6.10a). The trend difference between 
Stokes' and FFT methods is about 1.5cm/100km in the y direction (table 8.1). It 
is possible that here we are seeing the manifestation of true absolute long 
wavelength errors. However, from only two height differences from 3 stations it is 
impossible to say whether these trends are caused by systematic errors in the 
GPS measurements or geoid heights. For example, if one GPS station were 
situated near a cliff, the indirect effect would cause a spurious geoid result which 
in this analysis would appear as a long wavelength trend. In order to positively 
identify long wavelength trends in gravimetric geoids a denser grid of GPS 
stations along a more extended profile, connected by first order levelling to tide 
gauges, is required. 
Even though it is impossible to detect any long wavelength trends in geoid 
solutions, GPS derived heights between Leith and Whitby agree with first order 
levelling to better than 5cm/lOOkm. 
The overall height difference between Leith and Lowestoft is -O.lcmIlOOkm. 
This is remarkably good. Allowing for results between individual stations and the 
magnitude of relative trends between geoid solutions, it is difficult to look on this 
as more than simply a "lucky" result. 
8.4 Accuracy of Gravimetric Geoids 
It is difficult to quantify absolute errors on geoid solutions because of factors 
over which we have little or no control. It is impossible to estimate the true 
datum offset though, as seen from the SEASAT data, this can amount to several 
metres. As outlined in the previous section, without a more detailed GPS survey, 
it is difficult to indentify true spurious long wavelength trends in solutions. An 
effort to assign a magnitude to these errors has been made in section 8.4.2. 
The primary sources of error can be summarised in 3 categories: 
1. Errors in the gravity field prior to integration. 
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Errors caused by the operation of transforming the gravity field to the 
potential. 
Systematic errors common to all solutions. 
8.4.1 Errors in the Gravity Field Prior to Integration 
In chapter 3, errors on local gravity anomalies were said to be in the order of 
0.04mgal on land and between 1 and 3mgal at sea. The error on interpolating 
these to a regular grid was shown to be about 0.5mgal on land, where data 
coverage is most complete, and up to 2mgal in sparsely covered marine areas. 
Taking the worst case, in a sparsely covered marine area where ship tracks are 
20km apart, an error of 3mgal propagates an error of 2cm into the geoid. Thus, 
on land the error in the geoid due to errors on the gravity data will be negligible. 
At sea, these errors will cause an error in the geoid of a few centimetres at worst. 
8.42 Errors Caused by the Transformation of the Gravity Field to the Potential 
It was seen in section 8.3.4 that it has not been possible to constrain absolute long 
wavelength errors using long baseline GPS measurements. Earlier tests can 
provide some estimate of the magnitude of these errors, however. Here, an effort 
is made to relate the variance of the gravity anomaly of different degree ranges to 
the rms error in the potential caused by the presence of these degree ranges prior 
to taking the Fourier transform. 
If all wavelengths between degrees 12 and 360 from the geopotential model 
OSU86E are present, then the rms error caused by transforming the gravity data 
to the potential is 108.7cm (table 5.1, section 5.2.2). Additionally, from this table 
it can be seen that 9% of the variance of the gravity field is accounted for in the 
degree range 2-12. From table 4.2, the variance of the local gravity field is 
401.47mga12 . Applying a high pass filter to the local gravity field with cutoff at 
degree 360, the variance reduces to 34.6mgal 2 so about 8% of the variance of the 
local gravity field is modelled in degrees greater than 360; 92% of the variance is 
thus modelled in degrees 2-360. Assuming the percentage variance in degrees 
2-12 will be similar for both OSU86E and local gravity models (not necessarily 
true but probably a reasonable approximation ), it can be deduced that in the 
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degree range 12-360 about 83% of the variance is modelled. From table 4.2, 
removing the geopotential model OSU86E from the local gravity field reduces 
the variance by 76%. Subtracting the 9% modelled in degrees 2-12, this becomes 
67%. Therefore, to a very rough approximation, OSU86E models only 67/83 
(-80%) of the variance between degrees 12-360. As mentioned above, if all 
degrees between 12 and 360 are present prior to transformation, the rms error in 
the potential is 108.7cm for OSU86E. Assuming a linear relationship between % 
variance and rms error (table 5.1 cols 3&4) the 20% residual would lead to an 
absolute rms error of about 20cm (ie 2cmJlOOkm). 
This is an extremely approximate estimate based on several unverified 
assumptions, mainly that results from table 5.1 for the OSU86E field can be 
directly applied to results for the local gravity field. The rms difference between 
FFT solutions (fig. 6.10a), neglecting marginal leakage, is 21.4cm which is of the 
same order of magnitude as the above estimate. It can be tentatively concluded 
that the long wavelength differences seen between absolute geoids are of the same 
order of magnitude as the spurious long wavelengths inherent in the geoids 
themselves. 
Neglecting the long wavelength errors, different solutions agree to less than 1cm. 
The transformation causes little distortion of the high frequency spectrum. This is 
highlighted by the good agreement of gravimetric methods and GPS-derived 
heights over short baselines. 
8.43 Systematic errors present in all solutions 
Systematic errors, such as the propagation of the error on the gravity anomalies 
through to the final geoid, the neglect of the indirect effect and the flat earth 
approximation, will be identical for all solutions and so will not be visible from 
comparisons between solutions. They will only become apparent in the presence 
of independent observations. 
Section 8.4.1 showed the propagation of errors in the gravity anomaly causes not 
more than a 2cm error on the geoid. For the size of the integration area, the flat 
earth approximation was deemed to be a negligible source of error in section 
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2.2.4.2. The result of neglecting the indirect effect was discussed in section 6.1.3 
and the downward continuation contribution in section 2.2.2.4. These were seen 
in practice in comparisons with GPS results in North Wales. The indirect effect 
can be in the order of decimetres in rugged terrain, where it will become the 
dominant source of systematic error. Elsewhere it will be negligible. From GPS 
results in East Anglia, the cumulative effect of all systematic errors is in the range 
of ±4cm. 
A fuller discussion of error sources can be found in Rapp(1973) and 
Kearsley( 1986b). 
83 Conclusions 
Providing sufficient precautions have been taken to minimise long wavelength 
residuals (modification of Stokes' function (chapter 7), use of a tapered, square 
data set for the FFT method (chapter 5)), long wavelength geoid discrepancies 
between different algorithms and detrending with different global gravity models 
involve slopes of typically less than 2cmJ100km (table 8.1). Absolute long 
wavelength errors in geoid solutions are also estimated to be in the order of 
2cm/100km (section 8.4.2). 
Over a linelength of 100-200km GPS/gravimetric geoid derived height 
differences agree with height differences computed by first order levelling to 
local tide gauges to an accuracy of better than 5cmI100km. This suggests that the 
preliminary GPS observations so far available have not always achieved the 
accuracy of the gravimetric geoid computation and so are unable to resolve long 
wavelength errors in geoid solutions. 
The probable error for national geodetic levelling, neglecting systematic errors, 
is in the order of lcm/lOOkm. There is still some way to go in establishing 
whether the combination of GPS ellipsoidal height differences and gravimetric 
geoids is a successful alternative to geodetic levelling. Greater GPS accuracy is 
already being achieved elsewhere, however, and it is conceivable that in the 
future the technique will challenge the precision attained by geodetic levelling. 
Results from short baseline comparisons with GPS-derived heights show 
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gravimetric geoid solutions to be accurate to less than 4cm in the high frequency 
range. They also show the need of adding the indirect effect when computations 
are made in areas of rugged terrain. 
FFT and Stokes' techniques are comparable to less than 1cm in the absence of 
very long wavelengths (table 8.1). For local gravity field computations the FFT 
technique is more efficient (0.005 seconds cpu time per point compared with 30 
seconds) and just as accurate. 
Geoid solutions from this project have a greater resolution than the previous 
best geoid over the British Isles, EGG1. 
Our solutions are offset by about im from the EGG1 datum and 1.5-2.0m from 
the mean sea level as implied from SEASAT data. This systematic offset has been 
attributed to the difference between the reference field of the geopotential 
models and GRS80. Some datum shift with respect to SEASAT data may still' be 
present after the correction of this effect. It is difficult to say whether systematic 
errors in the SEASAT data or global gravity solutions are the cause although this 
is below the resolution of SEASAT orbit determination. 
8.6 Future Work 
A dominant theme in this thesis has been that long wavelength errors in global 
gravity models cause long wavelength residuals to be present in the detrended 
local gravity field which, in turn, adversely affect the resultant geoid heights. The 
precision of absolute gravimetric geoid heights is limited by the fit of the 
reference model to the local field. A recent development has been the tailoring 
of the geopotential model to fit the regional gravity data, thus locally improving 
the reference field and removing long wavelength residuals. Tailored models 
already exist for localised regions of the earth (Basic et al 1989, Forsberg & 
Kearsley 1989). It remains to be seen if this technique can improve the accuracy 
of gravimetric geoid computations. It is forseeable that geopotential models that 
have been fitted to the local gravity field will play an important part in achieving 
an increased precision in local gravimetric geoid solutions. 
No precise estimates of absolute long wavelength errors in our gravimetric geoid 
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solutions were attained in the project, due to deficiencies in the long baseline 
GPS measurements. A denser network of GPS measurements, connected by 
levelling to local tide gauges, is required to estimate the true magnitude of such 
features. It may be deemed useful to have such networks available when any 
future attempts at high precision geoid computation are undertaken. 
Finally, the geoid solutions presented here must be considered incomplete 
without the indirect effect and downward continuation contribution if, ultimately, 
the highest precision is sought. Algorithms for the computation of such effects 
have been given by Hipkin (1988) and Sideris (1989). In the future, these 
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Appendix 1 
The Computer Program GRAVCALC 
Source: EGPV07 :GC .GRAVCALCA6 
	
Compiled: 19/03/90 	21.28.30 
Object: EGPV07:TEOBJECT 
Parms set: DEFAULTS 
Edinburgh Amdahl Fortran77 Compiler Version 2.20 
1 C THIS PROGRAM CALCULATES GEOID HEIGHTS OR GRAVITY 
2 C VALUES FOR AN ARBITRARY SPHERICAL HARMONIC EXPANSION. 




7 IMPLICIT REAL*8(A_H 2 O_Z) 
8 DIMENSION X11(NX),Y11(NY),D(75) 
9 REAL J267 ,J280,J02 ,J04,J06,J08,J10 
10 DIMENSION F(NX,NY) ,ZCOF(MX,MY) ,GH(NGH) ,XX(75) ,WORK(75) ,WO(75) 
11 CHARACTER*1 TESTYES,YES,NO,ASK 
12 CHARACTER*25 INNAME,COEFILE 
13 LOGICAL IT,ISV,IDM,ICE, ICA,LD,LI,LH,LX,LY,LZ,LF 
14 COMMON /DATA1A/ GH 
15 DATA YES,NO/'Y','N'/ 
16 COMMON /DATA2/ NXGRID,NYGRID,X0,Y0,XDIFF,YDIFF 
17 COMMON / DATA2A / F 
18 COMMON /DATA3/ NPOL 
19 COMMON / IGRF67 / A80,B80,GME80,RE,RMEAN,GNORM 
20 DOUBLE PRECISION PI,SPACE,X1,X2,Y1,Y2,NORTH,EAST,DLAT,DLONG,X0 
21 DOUBLE PRECISION ZCOF,FXY,F,GH,XLNI,CLT,Z,W,A67,B67,A80,B80 
22 DOUBLE PRECISION RE,RE67,X11 ,Y11,A,B,VAL,VALL,XX,WORK,WO,D 
23 1 	RMEAN,RMEAN67,GNORM,GNORM67 ,Y0,GME8O,GME67 
24 C 
25 P1 =0.314159265D1 
26 IFL = 0 
27 IT = .FALSE. 
28 ISV = .FALSE. 
29 1DM = .FALSE. 
30 LZ = .FALSE. 
31 LF = .FALSE. 
32 C 
33 WRITE(6,'('' 	GIVE NAME OF OUTPUTFILE'')') 
34 READ(5,'(A24)')INNAME 
35 OPEN(tJNIT=7,FILEINNAME,FILETYPE'C') 
36 WRITE (6,900) 
37 900 FORMAT (' GEODETIC OR GEOCENTRIC COORDINATES?'/ 
38 1 	' TYPE "1" FOR GEODETIC OR "2" FOR GEOCENTRIC') 
39 READ (5,901) ITYPE 
40 901 FORMAT (Ii) 
41 IF (ITYPE.LT.1.OR.ITYPE.GT .2) GO TO 200 
42 WRITE (6,950) 
43 950 FORMAT (' TYPE INITIAL & FINAL VALUES OF LATITUDE'/ 
44 1 	' AND INCREMENTS (UNITS 0.01 DEGREES) 	(FORMAT 316)') 
45 READ (5,951) LTI,LJTF,LTD 
46 951 FORMAT (316) 
47 IF 	(LTI.LT.-9000.OR.LTI.GT .9000) GO TO 206 
48 IF (LTF.LT.-9000.OR.LTF.GT .9000) GO TO 206 
49 WRITE 	(6,952) 
50 952 FORMAT (' TYPE INITIAL & FINAL VALUES OF LONGITUDE'/ 
51 1 	' AND INCREMENTS (UNITS 0.01 DEGREES) 	(FORMAT 317)') 
52 READ (5,953) LNI,LNF,LND 
53 953 FORMAT (317) 
54 IF (LNI.LT.-36000.OR.LNI.GT .36000) GO TO 207 
55 IF (LNF.LT.-36000.OR.LNF.GT .36000) GO TO 207 
56 WRITE 	(6,956) 
57 956 FORMAT (' TYPE ALTITUDE IN KM (FORMAT F8.0)') 
58 READ (5,957) ALT 
59 957 FORMAT (F8.0) 
60 C DEFINE PARAMETERS OF IGRF67 
61 C 
62 A67 = 6378160.D00 
63 B67 = 6356775.D00 
64 GME67 = 3986030.D8 
65 J267 = 108270.D-08 
66 RE67 = 6378.160D03 
67 RMEAN67 = 6371031.667D0 
68 GNORM67 = 9.78034437D0 
69 C 
70 C DEFINE PARAMETERS OF IGRF80 
71 C 
72 A80 = 6378137.D00 
73 B80 = 6356752.D00 
74 GME80 = 3986005.D8 
75 J280 = 108263.D-08 
76 RE = 6378.137D3 
77 RMEAN = 6371008.7714D0 
78 GNORM = 9.808199203D0 
79 C 
80 C DEFINE REFERENCE SYSTEM 
81 C 
82 WRITE(6,'('' 	REFERENCE SYSTEM? 80 OR 67'')') 
83 READ(5,'(12)') 	IREF 
84 IF (IREF.EQ.67) THEN 
85 A80 = A67 
86 380 = B67 
87 GME80 = GME67 
88 J280 = J267 
89 RE = RE67 
90 GNORM = GNORM67 
91 RMEAN = RMEAN67 
92 ENDIF 
93 C COMPUTE DERIVED CONSTANTS 
94 A2A80*A80 
95 B2B80*380 
96 E2 = (A2 -B2) /A2 
97 C READ COEFFICIENTS FROM DATA FILE 
98 WRITE(6,'('' 	NAME OF FILE CONTAINING COEFFICIENTS'')') 
99 READ(5, ' (A25) ' )COEFILE 
100 OPEN(UNIT4,FILECOEFILE,FILETYPE'C') 
101 WRITE(6,'('' 	MAXIMUM ORDER OF COEFFICIENTS?'')') 
102 READ(5,'(I4)')NPOL 
103 NCOFF=NPOL* (NPOL+2) 
104 DO 2000 1N1,NCOFF 
105 READ (4,20,END12) GH(IN) 
106 2000 CONTINUE 
107 C*** 
108 C*** Remove the reference field from the coefficients 
109 C*** 
110 J02 = J280 
111 C EXTRA -1 FACTOR TO SCHMIDT NORMALISE CORRECTION EQ. 
112 304 = 	3.OdO*e2*(e2/35.OdO - 2.OdO*J280/7.OdO) 
113 J06 = e2*e2*(5.OdO*J280/7.OdO - 2.0*e2/21.OdO) 
114 308 = 	-1.0k e2*e2*e2*(e2/11.OdO - 20.OdO*J280/33.OdO) 





120 20 FORMAT (D20.12) 
121 C 
122 WRITE(6,'('' 	GEOID HEIGHTS OR FA ANOMALIES? 
123 READ(5, '(Al)') 	ASK 
124 C 
125 12 IL=((LTF - LTI)/ LTD) +1 
126 IN = ((LNF - LNI)/ LND) +1 
127 XLTDLTD*0.01 
128 XLND=LND*0.01 
129 XLTF = 0.01 * LTF 
130 XLTF = 90.0 - XLTF 
131 XLTI = 0.01*LTI 
132 DO 17 3= 1,IL 
133 CLT = 90.0 - XLTI 
134 XLNI = LNI * 0.01 
135 XLNF = LNF * 0.01 
136 CALL MAGSYN (ITYPE,ALT,CLT,XLNI,XLND,XLNF,J,ASK) 
137 17 XLTIXLTI+XLTD 
138 31 WRITE(6, '(''DO YOU WANT TO INTERPOLATE ONTO NG REFERENCE?'')') 
139 READ(5,'(Al)')TESTYES 
140 IF (TESTYES.EQ.YES) THEN 








149 Y11(1) 	= Y0 
150 X11(1)X0 
151 DO 213 I = 2,NXGRID 
152 213 X11(I) 	= X1l(I-1) 	+ XDIFF 
153 DO 214 3 = 2.NYGRID 
154 214 Y11(J) = Y11(J-1) 	+ YDIFF 
155 IG1 = NYGRID 
156 IF (NXGRID.GT .NYGRID) THEN 
157 IG1= NXGRID 
158 ENDIF 
159 C 
160 C READ LAT +LONG ON EACH POINT OF NATIONAL GRID AND FIND 




























































2001 FORMAT(5X, 'INPUT XINIT,XFINAL,YINIT,YFINAL+GRID SPACING') 
READ (5,1000)X1,X2 ,Y1,Y2 ,SPACE 
1000 FORMAT(5D10.4) 
I = ((X2-X1)/SPACE) +1 
J = ((Y2-Y1)/SPACE)+1 
NORTH = Yl 
DO 100 K = 1,J 
EAST = Xl 
DO 230 L = 1,1 
CALL TOLL ( EAST ,NORTH, DLONG , DLAT) 





EAST = EAST + SPACE 
230 CONTINUE 
NORTH = NORTH + SPACE 
100 CONTINUE 
DO 61 JS1,J 
WRITE(7,4003) I,JS, (ZCOF(JT,JS),JT1,I) 
4003 FORMAT('ARAY 	1 1 ,215/('ARAY ',5E14.6)) 
61 CONTINUE 
GOTO 159 
ELSE IF (TESTYES.NE.NO ) THEN 
WRITE(6,'('' 	REPLY YES OR NO!!'')') 
GOTO 31 
ENDIF 
C 	WRITE TO ARAY FORMAT DATAFILE 
DO 51 JK1,IL 
WRITE(7,4004) IN,JK,(F(JL,JK), JL=1,IN) 




200 WRITE (6,964) ITYPE 
964 FORMAT (' ***** ERROR 1 *****I/I ITYPE =',12, 
1 	' - OUT OF RANGE') 
STOP 
C 
201 WRITE (6,965) 
965 FORMAT (' ***** ERROR 2 *****I/I NO ELEMENTS REQUESTED') 
STOP 
202 WRITE (6,966) XLT 
966 FORMAT (' ***** ERROR 3 *****/1 XLT =',F9.3, 
1 	' OUT OF RANGE') 
STOP 
203 WRITE (6,967) XLN 
967 FORMAT (' ***** ERROR 4 *****I/' XLN =',F11.3, 
1 	' -OUT OF RANGE') 
STOP 
C 
219 204 WRITE (6,968) XLTD,LTM 
220 968 FORMAT (' 	ERROR 5 	'/' LATITUDE OUT OF RANGE', 
221 1 	' 	- XLTD =',I6,5X,'LTM =',I4) 
222 STOP 
223 C 
224 205 WRITE (6,969) XLND,LNM 
225 969 FORMAT (' 	ERROR 6 ***** 'I' LONGITUDE OUT OF RANGE', 
226 1 	' 	- XLND =',I8,5X,'LNM 
227 STOP 
228 C 
229 206 WRITE (6,970) LTI,LTF 
230 970 FORMAT (' 	ERROR 7  
231 1 	' LATITUDE RANGE OF TABLE TOO LARGE - LTI =',16,5X, 
232 2 ' 	LTF =',I6) 
233 STOP 
234 C 
235 207 WRITE (6,971) LNI,LNF 
236 971 FORMAT (' 	***** ERROR 8 
237 1 	' LONGITUDE RANGE OF TABLE TOO LARGE - LNI =',I8,5X, 
238 2 ' LNF 
239 STOP 
240 C 
241 208 DATE = T 
242 209 WRITE (6,963) DATE 
243 963 FORMAT (' 	***** ERROR 9 	 DATE =',F9.2, 





249 SUBROUTINE ANGLE (I,M,X) 
250 IMPLICIT REAL*8(A_H 2 O_Z) 
251 DE=I 
252 EM=M 
253 IF (I.LT.0) EM = -EM 




258 SUBROUTINE MAGSYN (ITYPE,ALT,COLAT,ELONGI ,XLND,XLNF,NY,ASK) 
259 PARAMETER(NGH130500 ,NPA=70000 ,NCL2000 ,NA273 ,MA2=41) 
260 C 
261 IMPLICIT REAL*8(A_H 2 O-Z) 
262 DIMENSION GH(NGH),P(NPA),Q(NPA),CL(NCL),SL(NCL),F(2,MA 2 ) 
263 C 
264 DOUBLE PRECISION A2,B2,GME,RE,W,GR,Z,COLAT,ELONGI,RATIO 
265 £ 	,ST,RR,R,RHO,SD,CD 
266 CHARACTER*1 ASK 
267 COMMON / IGRF67 / A2,B2,GME80,RE,RMEAN,GNORM 
268 COMMON / DATA2A / F 
269 COMMON /DATA1A/ GH 
270 COMMON /DATA3/ NPOL 
271 C 
272 C SET INITIAL VALUES 
273 LNF = INT(XLNF) 
274 NX1 
275 C 
276 ELONG = ELONGI 
277 15 	X 	= 0.0 
278 Y = 0.0 
279 W 	=0.0 
280 Z = 	0.0 
281 GME = GME8O/RMEAN 
282 10 	=ALT 
283 ONE = COLAT*0.0174533 
284 CT 	= DCOS(ONE) 
285 ST = DSIN(ONE) 
286 ONE 	= ELONG*0.0174533 
287 CL(1) = DCOS(ONE) 
288 SL(1) 	= DSIN(ONE) 
289 CD = 1.0 
290 SD 	= 0.0 
291 L =1 
292 M 	=1 
293 N =0 
294 IF (ITYPE.EQ.2) GO TO 1 
295 C 
296 C CONVERSION FROM GEODETIC TO GEOCENTRIC COORDINATES 
297 C 
298 a2 	= a2*a2 
299 b2= b2*b2 
300 ONE 	= A2*ST*ST 
301 TWO = B2*CT*CT 
302 THREE = ONE + TWO 
303 RHO 	= DSQRT(THREE) 
304 R = DSQRT(ALT*(ALT + 2.0*RHO) + (A2*ONE + B2*TWO)/THREE) 
305 CD 	= (ALT + RHO)/R 
306 SD = (A2 - B2)/RHO*CT*ST/R 
307 ONE 	=CT 
308 CT = CT*CD - 	ST*SD 
309 ST 	= ST*CD + ONE*SD 
310 C 
311 1 RATIO = RE /R 
312 RR 	= 	RATIO 
313 C 
314 C COMPUTATION OF SCHMIDT QUASI-NORMAL COEFFICIENTS P AND X(Q) 
315 C 
316 P(1) 	= 	1.0 
317 P(3) = ST 
318 Q(1) 	= 	0.0 
319 Q(3) = 	CT 
320 NLEGO . 5*(NPOL+1)*(NPOL+2) 
321 IF (ELONG.NE .ELONGI) GOTO 4 
322 DO 12 K2,NLEG 
323 IF (N.GE.M) GO TO 2 
324 M 	=0 
325 N = N + 1 
326 FN 	=N 
327 GN = N - 1 
328 2 FM 	= M 
329 IF (M.NE.N) GO TO 3 
330 IF (K.EQ.3) GO TO 11 
331 ONE 	= DSQRT(1.0 - 0.5/FM) 
332 J =K-N-1 
333 P(K) 	= ONE*ST*P(J) 
334 Q(K) = ONE*(ST*Q(J) 	+ CT*P(J)) 
335 GO TO 11 
336 3 G 	= M*M 
337 ONE = DSQRT(FN*FN - GM) 
338 TWO 	= DSQRT(GN*GN - GM)/ONE 
339 THREE = (FM + GN)/ONE 
340 I 	=K - N 
341 J =I-N+1 
342 P(K) 	= THREE*CT*P(I) - TWO*P(J) 
343 Q(K) = THREE*(CT*Q(I) - ST*P(I)) 	- TWO*Q(J) 
344 ii MM+1 
345 12 CONTINUE 
346 C 
347 C SYNTHESIS OF X, Y AND Z IN GEOCENTRIC COORDINATES 
348 C 
349 4 N=0 
350 M1 
351 DO 8 K = 2,NLEG 
352 IF (N.GE.M) GO TO 98 




357 98 if (m.ne.n) goto 99 
358 IF (K.EQ.3) GOTO 99 
359 CL(M) 	= CL(M_1)*CL(1) 	- SL(M._1)*SL(1) 
360 SL(M) 	= SL(M_1)*CL(1) 	+ CL(M_1)*SL(1) 
361 99 LM =L 
362 ONE 	= GH(LM)*RR 
363 IF (M.EQ.0) GO TO 7 
364 TWO 	= GH(LM+1)*RR 
365 THREE = ONE*CL(M) + TWO*SL(M) 
366 X 	= X + THREE*Q(K) 
367 Z = Z + 	(FN - 1.0)*THREE*P(K) 
368 W=W + THREE*P(K) 
369 6L =L+2 
370 GOTO8 
371 7 X 	= X + ONE*Q(K) 
372 Z = Z + 	(FM - 1.0)*ONE*P(K) 
373 W 	= W + ONE*P(K) 
374 L =L+1 
375 8M = M+1 
376 C 
377 C CONVERSION TO COORDINATE SYSTEM SPECIFIED BY ITYPE 
378 C 
379 W = 	W * (GME8 0 / ( GNORM * RMEAN)) 
380 Z ( Z*CD - X *SD )* OME / 	RMEAN 
381 IF (ASK.EQ.'G') THEN 
382 F(NX,NY) = W 
383 ELSE 
384 F(NX,NY) 	= Z 
385 ENDIF 
386 	 LONG = INT(ELONG) 
387 IF ( LONG.NE .LNF ) THEN 
388 	 ELONG = ELONG + XLND 
389 NXNX+ 1 
390 	 GOTO 15 
391 ENDIF 
392 	 RETURN 
393 C 
394 	 END 
395 	C 
396 C 	LIBRARY FUNCTIONS USED BY THIS SUBROUTINE ARE: DSIN,DCOS,DSQRT 
397 	C 
398 C 
399 	C OTHER SUBROUTINES CALLED IN THIS PROGRAM ARE: 
400 C INTERP,TOLL 
401 	C WHICH ARE FOUND IN THE MAIN DIRECTORY 
Appendix 2 
The Computer Program STOKES 
Source: EGPV07:TEMP 
	
Compiled: 17/03/90 	11.33.42 
Object: EGPV07:TEOBJECT 
Parms set: DEFAULTS 
Edinburgh Amdahl Fortran77 Compiler Version 2.20 
1 C PROGRAM TO CALCULATE GEOID HEIGHTS USING A CLASSICAL 
2 C STOKES METHOD, MODIFIED BY MEISSL'S METHOD 
3 PARAMETER(NX=450,NY=500) 
4 DOUBLE PRECISION XINNER,YINNER,X0,YO,Rearth,ALPHA,ALPHA2 
5 £ 	,XCOMP,YCOMP,XCLONG,XCLAT,R2,AGRID,AREA,ARGCOS,DR,Rl 
6 £ ,X1,X2 ,Yl,Y2 ,XOUTER,YOUTER,FPSI1 ,FPSI2 ,RADCON, r, 
7 £ 	PSI1,PSI2,ALONG,ALAT,FPSIO,PSIO,GEOIDN,DISCONT,DISCONT 1 
8 £ ,CK,PI,G,C,XCOORD,YCOORD,XCOMP10,YCOMP10,SUM1,X1LAT,fllO 
9 £ 	,X2LAT,Y2LONG,XP,YP,COFF,R0,RMAX, 
10 £ xrim,yrim,sio,si,amicemod,gmod,gnlodl 
11 CHARACTER*30 FILE1,FILE2 
12 character*2 yes 
13 INTEGER H 
14 DIMENSION C(90,200),NUMBER(90,200) 
15 DIMENSION X(90,200,4) ,Y(90,200,4) ,G1(90,200) ,fl(nx,ny) 
16 C 
17 C DEFINE INITIAL PARAMETERS 
18 C 
19 DATA NUMBER/18000*0.0/,G1/18000*0.0/ 
20 PI=3.141592654D0 
21 REarth= 6371008.77D0 
22 G=9.797644656D0 
23 RADCON=REARTH/(4*PI*G) 
24 WRITE(6,'('' 	INPUT ORIGIN OF DATA SET'')') 
25 READ(5,*)X0,Y0 
26 WRITE(6, 1 ('' 	RADIUS OE TEMPLATE'')') 
27 READ(5,*)RMAX 
28 WRITE(6, 1 ( 1 ' 	CAP SIZE IN KM'')') 
29 READ(5,*)CAPSIZE 
30 WRITE(6, 1 ('' 	GRID SPACING OF DATA'')') 
31 READ(5,*)AGRID 
32 AREA=AGRID*AGRID 
33 C READ IN DATA IN GPCP FORMAT 
34 C 
35 write(6, '(''INPUT FILENAME:'')') 
36 READ(5,.'(A30)')FILE1 
37 OPEN(UNIT=3,FILE=FILE1,DESC'C') 
38 write(6,'('' 	output 	FILENAME:'')') 
39 READ(5,'(A30)')FILE2 
40 OPEN(UNIT7,FILEFILE2,DESC'C') 
41 READ(3,4001) BLANK,BLANK,BLANK,BLANK 
42 DO 12 J = 1,NY 
43 READ(3,4001)BLANK 
44 READ(3,4002)(F1(I,J),11,NX) 
45 12 	CONTINUE 
46 C INPUT COORDINATES OF COMPUTATION POINT 
47 C IN BNG COORDINATES 
48 DO 345 IL=1,24 




53 4001 FORMAT(A2) 





59 C CONVERT BNG COORDS TO LAT AND LONG 
60 CALL TOLL(XCOMP10,YCOMP10,XClat ,XCLONG) 
61 c caic point on rim 
62 xrimxcomp+rmax 
63 yrimycomp 
64 c caic s(psi0) 
65 call point(xrim,yrim,XClat ,xclong,ck,si ,siO) 
66 amicemodsio*(1000 **2)/(pi*g*rearth) 
67 C 
68 C CACLULATE COEFFICIENT FOR INNERMOST SEGMENT 
69 C 
70 RO = (AREA/PI)**0.5 
71 R=YCOMP-4-R0 
72 RR*100.0 
73 c write(6,*)xcOmplO,r 
74 CALL TOLL(XCOMP10,R,ALAT,ALONG) 
75 c write(6,*)alat,alOng,Xclat,XClOflg 











87 do 45 n1,ny 
88 YCOORDYO +AGRID*(N_1) 
89 YP=YCOORD-YCOMP 
90 YPMODABS(YP) 
91 DO 40 M=1,NX 
92 XCOORDXO + AGRID*(M_1) 
93 )CP=XCOORD-XCOMP 
94 XPMODABS(XP) 
95 IF (YPMOD.LE.1.0.AND.XPMOD.LE.1.0) THEN 
96 G1(1,1)F1(M,N) 
97 NIJMBER(1,1)1 
98 GOTO 40 
99 ENDIF 
100 CI= 	(yp**2+Xp**2)**0.5 





106 IF(CI.GT .CAPSIZE) GOTO 40 
107 AMEANAMEAN + F1(M,N) 
108 MNUMBER=MNtJMBER+ 1 
109 IF (CI.GT .RMAX) THEN 




114 GOTO 40 
115 ENDIF 
116 ARGCOS=(2*(CI**2) 	- 4) 	/(2*(CI**2)) 
117 DALPHA = DACOS(ARGCOS) 
118 DR = AREA! (DALPHA*CI) 
119 Ri = CI - DR/2 
120 R2= 	CI + DR/2 
121 CALL COORD(Xi,Yi,XCOMP,YCOMP,R1,ALPHA) 
122 CALL COORD(X2 ,Y2 ,XCOMP,YCOMP,R2 ,ALPHA) 
123 CALL TOLL(Xi,Yi,X1LAT,Y1LONG) 
124 CALL TOLL(X2,Y2,X2LAT,Y2LONG) 
125 CALL PSI(Y1LONG,X1LAT,XCLAT,XCLONG,FPSI1,PSI1) 
126 CALL PSI(Y2LONG,X2LAT,XCLAT,XCLONG,FPSI2,PSI2) 
127 COFF = RADCON*DALPHA*(FPSI2_FPSI1) 
128 SUM1=COFF*F1(M,N) 
129 gmod=amicemod*fi(m,fl) 









139 40 CONTINUE 
140 45 CONTINUE 
141 C 
142 C 
143 C SUM MEAN GRAVITY FOR EACH SEGMENT WITH WEIGHTING 
144 C 
145 GEOIDO=C(1,1)*G1(1,1) 
146 GEOIDNGEOIDO+DISCONT+DISCONT1 - gmodi 
147 write(6, *)geoidn,disconti,gmOdi 
148 C 
149 C OUTPUT COORDS AND FINAL GEOID HEIGHTS 
150 C 
151 ANEAN=AMEAN/MNtJMBER 
152 write(7, *)xcomp,ycomp,geoidn,AMEAN 
153 C ') write(6, '('' 	 another point?")')
154 C read(5, 1 (a2) 1 )yes 
155 C If 	(yes.eq.'ye') 	goto 376 
156 call enias3cputime(cpu) 
157 write(6,*)cpu 
158 	345 	CONTINUE 
159 STOP 




164 	C SUBROUTINE COORD CONVERTS CARTESIAN TO POLAR COORDINATES 
165 SUBROUTINE COORD(X1,Y1,XO,YO,R,ALPHA) 
166 	 DOUBLE PRECISION X1,Y1,X0,YO,R,ALPHA 
167 SINALDSIN(ALPHA) 
168 	 COSALDCOS(ALPHA) 
169 XR*SINAL 
170 	 1R*COSAL 
171 X1X+X0 
172 	 Y1=Y+Y0 
173 X1X1100. 
174 	 Y1Y1*100. 
175 RETURN 
176 	 END 
177 
178 
179 C SUBROUTINE POINT WORKS OUT Ck 
180 SUBROUTINE POINT(XP,YP,ALATO,ALONGO,CK,Si,S) 
181 DOUBLE PRECISION TORAD,ALATO,aLONGO,ALATP,ALONGP,Xp,yp 











193 COSTDCOS(ALATP) *DCOS(ALATO ) *DCOS(DIFFLONG) 
194 SINT= DSIN(ALATP)*DSIN(ALATO) 
195 PLUSCOST + SINT 
196 SI=DACOS(PLUS) 
197 C 












210 	 yp=YP/100.0 
211 RETURN 
212 	 END 
213 
214 
215 C SUBROUTINE PSI WORKS OUT F(PSI) AND S(PSI) BETWEEN TWO POINTS 
216 SUBROUTINE PSI(ALONG,ALAT,ALATO,ALONGO,FPSI,SI) 
217 DOUBLE PRECISION TORAD,ALONG,ALAT,ALATO,ALONGO 




222 ALONGO=ALONGO *TORAD 
223 ALATO=ALATO*TORAD 
224 C work out psi from lat and long 
225 DIFFLONGALONG-ALONGO 
226 COSTDCOS(ALAT) *DCOS(ALATO ) *DCO5(DIFFLONG) 
227 SINT= DSIN(ALAT)*DSIN(ALATO) 
228 PLUSCOST + SINT 
229 SI=DACOS(PLUS) 
230 C 




235 ARGLOG= SI/2 + S12/4 - S13/24 
236 ALOGSUM= _1.0*1.5*S12*LOG(ARGLOG) 









246 C*** THE DOUBLE PRECISION FUNCTION TABLE1 
247 C*** 
248 C*** THIS IS THE GRID NORTHING WHERE THE PERPENDICULAR FROM THE 




253 DOUBLE PRECISION FUNCTION 	TABLE1(T) 
254 DOUBLE PRECISION A,B,R,TORAD,EC2 ,EC4 ,EC6 ,T,T1 ,T2 ,NORTHO ,LATO 
255 £ 	,SCALEO,METRE 
256 C*** 
257 C*** CONSTANTS DEFINING THE NATIONAL GRID 
258 C*** 
259 NORTHO-100000.000 DO 
260 LATO4.9D1 
261 SCALEO=0.9996012717 DO 
262 METRE=0.3048007491 DO 
263 A=20923713.0 DO*METRE*SCALEO 
264 B=20853810.0 DO*METRE*SCALEO 
265 C*** 
266 C*** END OF CONSTANTS DEFINING THE NATIONAL GRID 
267 
268 R=1.ODO-B/A 
269 EC2=R/(2.0 DO -R) 
270 TORAD=1.745329251 D-2 
271 EC4EC2*EC2 
272 EC6=EC2*EC4 




277 1 	*3*EC2*(1+EC2+0.875*EC4)fDSIN(2.*T1)*DCOS(2*T2)*1.875*( 
278 2 EC4+EC6)_DSIN(3.*T1)*DCOS(3.*T2)*35.0*EC6/24.0)ORT 
279 RETURN 






286 C***SUBROUTINE TOLL GENERATES LATITUDE AND LONGITUDE FROM GRID EAST 




291 SUBROUTINE TOLL(EAST ,NORTH, DLAT, DLONG) 
292 DOUBLE PRECISION A,B,R,E2 ,TRYNOR,TRYLAT,TABTOP,TABLE1,TORAD,TLA'i 
293 £ 	,TLAT2,TLAT4,TLAT6,SLAT,CLAT,SLAT2 ,CLAT2 ,NU,INVN[J2 ,NETA2,RHO 
294 £ ,DLONG,RLONG,DLAT,RLAT,LATO ,LONGO,TOPLAT,Q,Q2,P,P2 ,TEMP,NORTH 
295 £ 	,EAST,METRE,SCALEO,NORTHO,EASTO 
296 C*** 
297 C*** CONSTANTS DEFINING THE ORDNANCE SURVEY NATIONAL GRID 
298 C*** REPLACE BY APPROPRIATE CONSTANTS FOR OTHER TRANSVERSE 





304 NORTHO-100000.000 DO 
305 EASTO400000.000 DO 
306 SCALEO0.9996012717 DO 
307 METRE0.3048007491 DO 
308 A=20923713.0 D0*METRE*SCALEO 
309 B=20853810.0 DO*METRE*SCALEO 
310 C*** 
311 C*** END OF NATIONAL GRID CONSTANTS 
312 
313 R=1.ODO-B/A 
314 E2=R*(2.0 DO -R) 
315 TORAD0.01745329251 DO 
316 	 TABTOPTABLE1(TOPLAT) 
317 NORTHNORTH*1O ODO 
318 	 EASTEAST10 ODO 
319 TRYNORNORTHO 
320 	 TRYLATLATO 
321 10 TRYLATTRYLAT+(TOPLATTRYLAT) * (NORTH-TRYNOR)/(TABTOPTRYN0R) 
322 	 TRYNORTABLE1(TRYLAT) 
323 IF (DABS(NORTH-TRYNOR).LE.0.00000 1 DO) GO TO 20 
324 	 GO TO 10 
325 20 RLATTRYLAT*TORAD 
326 	 SLATDSIN(RLAT) 
327 CLATDCOS(RLAT) 
328 	 TLATSLAT/CLAT 
329 SLAT2SLAT*SLAT 
330 	 CLAT21.0 DO - SLAT2 
331 TLAT2TLAT*TLAT 
332 	 TLAT4TLAT2*TLAT2 
333 TEMP1.0 D 00_E2*SLAT2 
334 	 NTJ=A/DSQRT(TEMP) 
335 RHONIJ*(1.0 D 00-E2)/TEMP 
336 	 NETA2=NU/RHO-1.0 D 00 
337 TLAT6TLAT2*TLAT4 
338 	 INVNTJ21.ODO/(NU*NU) 
339 QEAST-EASTO 
340 	 Q2Q*Q 
341 RLONG(Q/(NU*CLAT) )*(5.04D3_Q2*INVNtJ2*(8.4D2*NtJ/RHO+1. 68D3 
342 	 1 	TLAT2_Q2*INVNU2*(2.1D2+1.176D3*TLAT2+1.008D3*TT4 
343 2 _Q2*INVNTJ2*(6.1D1+662D2*TLAT2+1.32D3*TLAT4+7.2D2*TLAT6)) 
344 	 3 	))/5.04D3 + LONGO*TORAD 
345 RLAT=RLAT_(Q2*TLAT/(RHO*NIJ))*(3.6D2 
346 	 1 	_Q2*INVNU2*(1.5D2+9.OD1*TLAT2+3.0D1*TA2_2.7D2*TIJAT2* 
347 2 NETA2_Q2*INVNU2*(6.1D1+9.0D1*TLAT2+4.5D1*TT4)))/7.2D2 
348 	 SLATDSIN(RLAT) 
349 SLAT2SLAT*SLAT 
350 	 DLONGRLONG/TORAD 
351 DLATRLAT/TORAD 
352 	 EASTEAST/10 . ODO 
353 NORTHNORTH/1O. ODO 
354 	 RETURN 
355 END 
Code 13032 bytes 	Data 1193912 bytes 	Total 1206944 bytes 
